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1. Introduction 

Let L be a finite extension of Qp and let G = G(L) be the group of L- valued points of a split 
connected reductive algebraic group G over L. This paper is about the Jordan-Holder series 
of locally analytic G-representations which are induced from locally algebraic representations 
of a parabolic subgroup P <Z G. The theory of locally analytic representations was introduced 
by Schneider and Teitelbaum |ST1| . They come up in the study of vector bundles on p-adic 
period domains |ST31 lO] and in the p-adic Langlands program. In |S21 iTb] the authors pose the 
question of determining the irreducible parabolically induced locally-analytic representations. 
More generally, one like to know the Jordan-Holder series of such an object. Here we give 
a partial answer to these questions. As an application we consider the equivariant filtration 
constructed in [O] on the space of sections H^{X,C) where £ is a homogeneous line bundle on 
projective space P*^ and C P*^ is the Drinfeld half space. We prove that it is "essentially" a 
Jordan-Holder series. 
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In our paper, we consider more generally locally analytic representations which are in the 
image of certain bi-functors 

, •) : OLg X Rep~'"(Lp) Rept(G) 

depending on a standard parabolic subgroup P C G. Let us explain the notation used. We fix 
once and for all a finite extension K oi L which will be our field of coefficients. Let Rep^'"(Lp) 
be the category of smooth admissible representations of a Levi subgroup Lp C P on i^- vector 
spaces. Let Rep^(G) be the category of locally analytic representations of G on ii'- vector spaces. 
By O we denote the -BGG-category oiU{Q®L -f^)-modules where g = Lie(G). Then we let O^j^ 
be the subcategory consisting of those modules M which are of type p = Lie(P) (i.e. acts 
locally finite, cf. [Hit ch. 9]), and whose weights are integral. Given such a module M, there 
is a finite-dimensional i^T-subspace W C M which is stable under U{Pk) and which generates 
M as C/(gi(')-module. Let d be the kernel of the canonical surjection U{qk) '^i/(pk) W — )• M, 
a nd let W be the dual representation of p. Our assumption on the weights implies that W 
lifts uniquely to an algebraic representation of P. Then we consider the locally analytic induced 
representation 



Ind^(T^') = {/ G Cr(G, W')\ygeG,peP: f{gp) = p-' ■ f{g) } 



The action of G on Ind'f{W') is given by left translation: {g ■ f){x) = f{g x). There is a 
C"^"(G, iC)-valued paring 



(t) (g) (g) / i-> 



9^ ((t) -r f){g))iw) 



where, for j: € g we have, by definition, 



(? v f){9) = ^/(9exp(ty))|f=o • 
The common kernel of all (3, •), with 3 G t), is a subrepresentation 



T^{M) = lnd${Wy = {/ G lnd${W') \ for all 3 G c) : (3, /)c-(G,i^) = 0} . 

More generally, we consider smooth admissible Lp-representations V, and define the represen- 
tation 

(M, V) = lnd${W' ®K Vf = {/ G Ind^iW ®k V) \ for all 3 G c) : (3, /)c-(Gy) = 0} 
similarly as before (here, the pairing (•, ■)c""(G,y) takes values in C"'"{G, V)). 
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Let M be an object of . We call the parabolic subgroup P, or its Lie algebra p, maximal for 
M, if M does not lie in a subcategory with a parabolic subalgebra q properly containing p. 
It follows from |H2j . sec. 9.4, that for every object M of there is unique parabolic subalgebra 
q D p which is maximal for M. The same definition applies for objects in the subcategory C^ig' 

The main result of this paper is the following: 
Theorem 1. Tp is functorial in both arguments: contravariant in M and covariant in V. 

2. J-p is exact in both arguments. 

3. If Q D P is a parabolic subgroup and M is an object of O^jg ( and hence, in particular, an 
object of Oaig^' then 

J^{M,V) = J-^(M,indi;(^^^^^)(y)) 

for all smooth admissible representations V of Lp. Here, md^'^^j^^^^^^{V) = ind^{V) denotes 
the smooth induction of the representation V . 

4- J-p{M,V) is topologically irreducible if and only if the following conditions are both satisfied: 

- M is simple, 

- if Q D P is maximal for M, then the smooth representation ind^'^^j^^^jj^^iV) is irreducible as 
Lq -representation. 

Here we assume that the residue field characteristic p of L is odd, if the root system $ = ^*(g,t) 
has irreducible components of type B, C or F4. If irreducible components of type G2 occur, we 
furthermore assume that p > 3. □ 

Remark. We expect that the assumptions on the residue field characteristic p oi L can eventually 
be removed, by a refinement of our methods. 



Our main result covers a particular case of the irreducibility result shown in |0S| . In 
loc.cit. we considered arbitrary reductive groups and arbitrary locally analytic finite-dimensional 
-Lp-representations W, but where, on the other hand, no differental equations appear. Us- 
ing as an input Jordan-Holder series for M and V , and possibly for occurring smooth in- 
duced representations of the form ind^^^^^p(y^^(y), it is a rather formal exercise to deter- 
mine a Jordan-Holder series for 7-|j(M,y), cf. Section El Indeed, we give a recipe how to 
compute a Jordan-Holder series for locally analytic representations of the form Indp(VF'). 
Finally, we consider for a homogenous line bundle C on projective space P*^ the filtration 
H^{X,C) = C{Xf D C{XY D ••• D CiXf-^ D C{Xf = H^{F'^,C) consisting of closed 
G-subspaces with respect to Drinfeld's half space X CF'^. The duals of the graded pieces of 
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this filtration are locally analytic representations which lie in the image of the functors J-p (for 
G = GL^_|_i and P a proper maximal standard parabolic subgroup) or which are extensions of 
such a locally analytic representataion by a smooth generalized Steinberg representation. By 
using our main result, we prove that the locally analytic representations above are irreducible. 
This proves that C{X)' is "essentially" a Jordan-Holder series. 

Notation: We denote by p a prime number and consider fields L d K which are both finite 
extensions of Qp. Let Ol and Ok be the rings of integers of L, resp. K, and let the norm on 
K be such that \p\k = p~^- For a locally convex JT- vector space V, we denote by V its strong 
dual, i.e., the if- vector space of continuous linear forms equipped with the strong topology of 
bounded convergence. 

We denote by Go, Pq etc. reductive groups over Ol and by Go, Pq etc. their p-adic groups of 
Oi-valued points. We use bold letters G, P etc. to denote their generic fibres over L, whereas 
we use normal letters G, P etc. for their p-adic groups o L-valued points. Finally, Gothic letters 
g, p etc. will denote their Lie algebras. 

We make the general convention that we denote by U{q), U{p) etc. the corresponding en- 
veloping algebras, after base change to K, i.e., what would be usually denoted by U{q) (^l K, 
U{p) (g)L K etc. Similarly, we use the abbreviations D{G) = D{G, K), D{P) = D{P, K) etc. for 
the locally L-analytic distributions with values in K. 

Acknowledgments. We thank O. Gabber, G. Henniart, T. Schmidt and B. Schraen for some 
helpful remarks. Furthermore, we thank V. Mazorchuk for some interesting correspondence 
concerning category O. 



2. Preliminaries on g-MODULES and locally analytic representations 

2.1. Locally analytic representations. We start with recalling some basic facts on locally analytic 
representations introduced by Schneider and Teitelbaum |ST1| . [S2| . 

For a locally L-analytic group H, let C'^'^{H, K) be the locally convex vector space of locally 
L-analytic if -valued functions. More generally, if 1/ is a Hausdorff locally convex if -vector 
space, let G"'^{H,V) be the if -vector space consisting of locally analytic functions with values 
in V. It has the structure of a Hausdorff locally convex vector space, as well. The dual D{H) = 
G°'^{H,Ky is a topological if -algebra which has the structure of a Frechet-Stein algebra when 
H is compact [5T2] . 

Let y be a Hausdorff locally convex if -vector space. A homomorphism p : H ^ GLxiV) (or 
simply V) is called a locally analytic representation of H if the topological if -vector space V is 
barrelled, the action of ii on F is continuous, and the orbit maps : H ^ V, p{h){v), are 
elements in G°'^{H, V) for all v (zV. If y is of compact type, i.e., it is a compact inductive limit 
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of Banach spaces, the strong dual V is a nuclear Frechet space and a separately continuous left 
D{H, K)-inodule. The duality functor gives an equivalence of categories 



(2.1.1) 



locally analytic iJ-represen- 
tations on i^T-vector spaces 

of compact type with 
continuous linear i/-maps 



separately continuous D{H, K)- 
modules on nuclear Frechet spa- 
ces with continuous D{H,K)- 
module maps 



In particular, V is topologically irreducible if V is a simple D {H , K)-module. 

For any closed subgroup H' of H and any locally analytic representation V of H', we denote 
by Ind|^/(y) the induced locally analytic representation. It is given by 

lnd^,{V) := ^^f eC^''{H,V) \ f{h-h') = {h')-^ ■ f{h)W e H',yh e Hy 

The group H acts on this vector space by {h ■ /)(x) = f{h~^x). For a finite-dimensional 
representation V, the following map is an isomorphism of D{H, K)-modu\es: 



(2.1.2) 



D{H, K) ®D{H',K) y ^ (Indf '^)' , 5 (8) 9? ^ 5 • V5 , 



with {6-Lp){f) = 5{h ^ (fifih))) (cf. fK2], identity (53) in the proof of Prop. 5.1, Prop. 5.3, and 
Remark 5.4). Finally we recall that for a reductive group G, every rational G-representation 
and every smooth admissible G(L)-representation may be considered as locally analytic repre- 
sentations, cf. [5T41 §2]. 



2.2. The category O and its parabolic variants . Let G be a connected split reductive group 
over L. We fix a Borel subgroup B of G and denote its unipotent radical by U. Further we 
fix a maximal split torus T C B. The category O in the sense of Bernstein, Gelfand, Gelfand 
[bggP . |H1| is the full subcategory of all ^-representations whose objects M satisfy the fohowing 
properties: 

(1) The action of u on M is locally finite, i.e. for all m € M, the subspace ?7(u) • m C M is 
finite-dimensional. 

(2) The action of t on M is semi-simple and locally finite. 

(3) M is finitely generated as U (3)-module. 



"'^Traditionally, the category O is defined for semi-simple Lie algebras. Here we extend their definition to general 
reductive Lie algebras. 
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It is known that O is a i^-linear, abelian, noetherian, artinian category which is closed under 
submodules and quotients, cf. |H1| . In particular, any U{g)-module in O has a Jordan-Holder 
series in O. 

In our paper we are rather interested in a subcategory of O. The reason will become clear 
later on. Note that by property (2), we may write any object M in O as a direct sum 

(2.2.3) M = Ma 

where Mx = {m e M \ t ■ m = \{t)m Vt G t} is the A-eigenspace attached to A G t*. Let X*{T) 
be the group of characters of the torus T which we consider via the derivative as a subgroup of 
t*. 

Definition 2.3. We denote by Oaig the full subcategory of O whose objects are C/(0)-modules 
such that all A appearing in (j2.2.3p are integral, i.e., are contained in X*(T) C t*. 

Thus M G O is an object of Oaig if the t-module structure on Alx lifts to an algebraic action 
of T. Again, Oaig is an abelian noetherian, artinian category which is closed under submodules 
and quotients. The Jordan-Holder series of a given {7(g)-module lying in Oaig is the same as the 
one considered in the category O. 

Example 2.4. For A G t*, let K\ = K he the 1-dimensional t-module where the action is given 
by A. Let 

M(A) = U{q) ®u{i,) KxeO 

be the corresponding Verma module. Denote by L(X) G O be its simple quotient. Then M(A) 
resp. L{X) is an object of Oaig if and only if A G X*{T). 

Let P be a standard parabolic subgroup of G with Levi decomposition P = Lp • Up where 
T C Lp. Let OP be the category consisting of C/(0)-modules of type p = Lie(P), cf. |HH ch. 9]. 
Recall that its objects are [/(0)-modules M satisfying the following properties: 

(1) The action of up on M is locally finite. 

(2) The action of lp on M is semi-simple and locally finite. 

(3) M is finitely generated as U (0)-module. 

Clearly the category O^ is a full subcategory of O. Further it is X-linear, abelian and which 
is closed under submodules and quotients, cf. [Hlj . Hence the Jordan-Holder series of every 
C/(g)-module in OP C O lies in OP, as well. Finally, if Q is a standard parabolic subgroup with 
Q D P, then O'' C O^. In particular, for p = the category O^ consists of all finite-dimensional 
semi-simple 0-modules. 

Similarly, as before we define a subcategory O^jg of O^ as follows. Let Irr([p)^^ be the set 
of finite-dimensional irreducible [p-modules. Again any object in O^ has by property (2) a 
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decomposition into [p-modules 

(2.4.4) M= M„ 

aelrr(lp)fd 

where Ma C M is the a-isotypic part of the representation a. We denote by O^^g the full 
subcategory of given by objects of such that all [p-representations appearing in p.4.4p are 
integral i.e., are induced by finite-dimensional algebraic Lp-representations. Again, the category 
^aig contained in Oaig and contains all finite-dimensional g-modules which are induced by G- 
modules. Every object in O^j^ has a Jordan-Holder series which coincides with the Jordan-Holder 
series m Oaig- It is easily verified that O^jg = Oaig n OP. 

Example 2.5. Let A be the set of simple roots of G with respect to T C B. Let A G X{T)* 
and set / = {a G A I (A,a^) G Z>o}. Let P = P/ be the standard parabolic subgroup of G 
attached to /. Then A is dominant with respect to the Levi subgroup Lp. Denote by Vi{X) the 
corresponding irreducible finite-dimensional algebraic Lp-representation, cf. [Ja]. We consider 
it as a P-module by letting act Up trivially on it. The generalised parabolic Verma module (in 
the sense of Lepowsky [Le] ) attached to the weight A is given by 

Mi{X) = U{q) (^ui,j) Vi{X). 

Then M/(A) is an object of ©aig- Further, there is a surjective map 

M(A) ^ Mj{X), 

where the kernel is given by the image of (BaeiM(sa ■ A) — t- M(A). It follows that L(A) is an 
object of Oaig' well. 



3. From Oaig to locally analytic representations 

3.1. The representation associated to an object o/Oaig. We fix as in the previous chapter a 
standard parabolic subgroup P with Levi decomposition P = Lp • Up where T C Lp. Let M 
be an object of O^jg. By the defining axioms (l)-(3) for O^jg, we may choose a finite-dimensional 
representation W C M of p which generates M as ?7(0)-module. Thus we have a short exact 
sequence of U (0)-modules 

(3.1.5) ^U{Q)^uiv)W ^ M ^0, 

where, by definition, t) is the kernel of the canonical map U{q) 'S)u{p) ^ ~^ M. We denote the 
representation of p on by p. It is induced by an algebraic P-representation by the following 
lemma. 

Lemma 3.2. The representation p lifts uniquely to an algebraic F -representation on W , which 
we denote again by p. 
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Proof. As M is an object of the f7(p)-module W, considered as a C/([p)-module, decomposes 
as a direct sum of isotypic modules Wa- Each module Wa (whose weights are integral) lifts 
uniquely to an algebraic representation of Lp. We denote this action of Lp on W = 0^ Wa by 
PL- On the other hand, since the unipotent radical Up of P is simply connected, the action of 
the Lie algebra Up integrates uniquely to give an algebraic action of Up on W. More precisely, 
a given element u = exp(j:) G \Jp{K) acts as p{u) := X^„>o ^^^t~! where p(y)" = for n » 0. 
These two representations are compatible in the sense that pi,{h) o p{u) o pi,[h~^) = p{Ad{h){u)), 
for h S Jjp{K), u E Up(X). This shows that p lifts uniquely to an algebraic representation of 
F onW. □ 

The induced locally analytic algebraic action of P on the dual space W = Homx(W^, K) will 
be denoted by p' . We consider the locally analytic induced representation Indp(Ty). By (j2.1.2p 
the canonical map of D(G)-modules 

D{G) (^niP) W (ind^(VF'))' , S0w^[f^ S{f){w)] , 
is an isomorphism of topological vector spaces. We thus have a pairing 

(3.2.6) (•,•): {D{G) (^niP) W) ®k lnd%{W') K , 



which identifies the left hand side with the topological dual of the right hand side and vice 
versa. We remark that the Iwasawa decomposition G = Gq ■ B shows that as L'(Go)-modules, 
the restriction of D(G) 'Sid{p) W to D{Go) is isomorphic to -D(Go) ^d{Po) ^ ■ "^^^ pairing (j3.2.6p 
is obtained from the following C""(G, iir)-valued pairing by composition with the evaluation map 
C-^{G,K)^K, f{l). 

{■,-)c^HG,K)- {D{G)^niP)W)(^Klnd'f{W') G''^{G,K) 

(3.2.7) 

i6(^w)®f ^ 9^ {{S -r f){g)){w) 

where, by defintinion, we have {5 > f)ig) = S{x i-^ f{gx)). Furthermore, there is a canonical 
injective map of ?7(g)-modules 

Uid) ^uip) W ^ DiG) <g)D(P) W . 
We denote by Indp(Ty)'' the subspace of Indp(M^') annihilated by d via the pairing (•, ■)c^^{G,K)- 

In^iWy = {fe Ind${W') I for ah <5 G c) : {6, f)c^^iG,K) = Oc^^u^cK)} ■ 



ON JORDAN-HOLDER SERIES OF SOME LOCALLY ANALYTIC REPRESENTATIONS 



9 



(This is exactly as in [ST3| : cf. the defintion of the representation before Thm. 8.6.) Then 
Indp(VF')'' is clearly a closed G- invariant subspace, since the action of U{g) is smooth on 
Ind^(H^')- 

Lemma 3.3. i) The representation Indp(Vl^')'' is an admissible locally analytic G -representation 
(in the sense of [ ST2\ sec. Q]). 

a) The annihilator o/Indp(Ty)'' in D{G) (^d{P) W, i.e., the set 

{V' G D{G) ®D{P) W I for all f € Ind^(T^O' : (V', /) = 0} . 
is equal to D{G)d. We therefore have 

(ind^(VF')')' - {DiG) (^DiP) W)/D{G)d . 

Proof, (i) The representation Indp(Vr') is (strongly) admissible. Since closed subspaces of 
admissible representations are admissible again |ST2l Prop. 6.4 (iii)], the assertion follows. 

(ii) By \ST2\ Theorem 6.3], the admissible subrepresentations of Indp(Ty) are in bijection 
with the coadmissible quotients of D{G) <Sid{p) By |ST21 Lemma 3.6] these are given by 
the closed submodules of D{G) ^d{P) ^ ■ The bijection is given by associating to an closed 
submodule J C D{G) <Sid(p) ^ t^ie representation 

{/ G Ind^(W^') I for ah ^ G J : (-0, /) = 0} . 
By definition, for / € Indp(Ty') to lie in Indp(VF')'' is equivalent to satisfying 

m 
i=l 

for all (jr € G and all ^ • r)j G d. By the definition of > and the definition of the convolution 
product in D{G) this is equivalent to 

m 
i=l 

for all 5 G G and ah Xli 9i <8) tfj G c). Hence / is in Indp(l^')' if and only if {6g ■ I, f) = 0, 
for all G G and all 3 G c), where (•, •) is the -fC- valued pairing in (|3.2.6p . Because the delta 
distributions 5g are dense in D{G), this is equivalent to saying that {6, f) = 0, for all 5 G D{G)l). 
As d is again an object of O^ig' finitely generated as ?7(0)-module. Hence D{G)d is finitely 
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generated as Z)(G)-module and therefore closed by \ST2\ Cor. 3.4, Lemma 3.6]. The assertion 
fohows. □ 

3.4. Another description. We proceed by giving another description of the dual space of 
Indp(VF')''. The action of p integrates uniquely to a locally analytic representation of P on M. 
Indeed, we may write M as a union of finite-dimensional algebraic p-modules. Each individual 
term has by Lemma 13.21 the structure of an algebraic locally analytic P-representation. By 
considering the locally convex limit topology, it inherits the structure of a locally analytic P- 
representation. Thus we have on M a L)(P)-module structure which extends the p-module 
structure, and is hence compatible with the action of q on M, cf. |ST1[ Prop. 3.2]. 

Consider the subring U{q,P) generated by U{g) and D{P) inside D{G). It follows from the 
proposition below that this ring is equal to U{g)D{P), i.e., every element of U{g,P) can be 
written as a finite sum of elements of the form 3 • 6 with 3 G f/(0) and 5 € D{P). 

Proposition 3.5. Let H C G be a closed analytic subgroup, and let 6 € D{H). Then 6 ■ U{q) C 
U{q) ■ D{H). In particular, the smallest subring of D(G,K) containing U{q) and D{H,K) 
consists of finite sums ^jdj ■ with ij G U{q) and 6j € D{H,K). 

Proof. Of course, it is enough to show that for any j: € g we have (5 • j: G g • D{H,K). Let 
/ G C'^'^{G,K). For g € G we denote by g.f the function defined by {g.f){x) = f{g^^x). Recall 
that the convolution product of two distributions Ai, A2 G D{G) is given by 

(Ai • A2)(/) = Ai(<7 ^ \2{g-^.f)) = \i{g ^ Mh ^ f{gh)) = X^ih ^ Xi{g ^ f{gh))). 

The last equality might be called "Fubini's Theorem", and this also used below in one instance. 
Furthermore, the image of 3: in D{G,K) is given by the formula 

3:(/) = linii(/(exp(ty))-/(l)). 

t-*-o t 

For h £ H and f as above write Ad(/i)(y) = Yli=i ^iWli^ where is some basis for g, and 
the Cj are locally analytic functions on H. Define distributions 5i G D(H,K) by di{f) = 5{h 1— )• 
Ci{h)f{h)). Then we compute: 

(,5 •?)(/) = 5{h^i{h-\f)) 

= 6{h ^ lim ^{{h-\f){eMn)) - {h''-f)m 

= 5{h^]im^{f{hexp{t^))-f{h))) 
t->o t 
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= d{h ^ \im^{f{heMtf)h-'h) - f{h))) 
= 6{h ^ lim i(/(exp(tAd(/i)(f))/i) - f{h))) 
= S{h^Ad{h){^)ig^f{gh))) 

d 

= 5ih^{^c,{h)^,){g^f{gh))) 

i=l 

d 

= ^5{h^{ciih)fi){g^figh))) 

i=l 
d 

= ^Kh^h{g^ Ci{h)f{gh))) 

i=l 
d 

™' J2^i{g^S{h^Ci{h)f{gh))) 

i=l 
d 

= J2^i{g^S{h^Ci{h){g-\f){h))) 

i=l 
d 

= ^hig ^ Si{g-\f)) 

i=l 
i=l 

And this shows that 6 - ^ = Yli=i ■ (^i is in g • D{H, K). □ 

Thus M becomes a P)-module. Moreover, any morphism M' ^ M in O^jg is automati- 
cally a homomorphism of [/(g, P)-modules. 

Proposition 3.6. The canonical map 

t:M= ([/(g) ^u{p) W) /d {D{G) ®d{p) W) / D{G)V 
extends to an isomorphism of D(G) -modules 



D{G) ®[/(0,P) M ~ {D{G) 0o(p) W) /D{G)d , 



12 



SASCHA ORLIK AND MATTHIAS STRAUCH 



and therefore we get 

D{G) '^U(s,P) M ^ {indfiWyy . 
The analogous isomorphism holds for the compact subgroup Gq : 

^(Go)0c/(g,Po)M^ (lnd^(H^')')' , 

withU{Q,Po) = U{Q)D{P(,). 

Proof. First we have to show that l is U{q, P)-hnear. But this fohows from the U{q, P)-hnearity 
of the natural maps q : U{g) 0u{p) W ^ M and U{g) (>S>u{p) W — > D{G) ^d{p) W together 
with the fact that c) is a P)-submodule of U{q) (^(/(p) W. This shows that t extends to 
L'(G)-module homomorphism 

$ : D{G) ^uis,P) M {D{G) ®DiP) W)/D{G)d 
by setting ^{6 ® v) = 5i{v). In the other direction we define 

^ : {D{G) 0D(P) W)/D{G)d D{G) (g)u(s,P) M 

by ^{{5 0w) + D{G)'!)) = (5 (tf + i)). It is immediate that ^ is well-defined and easily checked 
that $ and ^ are inverse to each other. □ 

3.7. Yet another description. In this paragraph we present another approach to the represen- 
tation Indp(VF')^ which appeared already in [0] in the case of G = GL„. Here we correct certain 
group actions which were formulated in loc.cit.. 

Let Go be a split reductive group model of G over Ok- Let To C Go be a maximal torus 
and fix a Borel subgroup Bo C Go containing Tq. We fix a standard parabolic subgroup Pq of 
Gq. We denote by Up^o its unipotent radical, by Up q its opposite unipotent radical and by 
Lp its Levi component containing Tq. 

Let vr G Ol be a uniformizer. For any positive integer n G N, we consider the reduction map 
(3.7.1) pn : Go(Ol) ^ Go(Ol/K)) 

Set 

= p-i(P(Oi/(vr"))), C/]^=p~i(Up(Oz./(^"))), L^=p-^(Lp(Oi/(^"))) 

and 

C/p'" = ker (Up(Ol) ^ Up(Ol/(^"))) . 
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These are compact open subgroups of Go = G(Ol). The Levi decomposition on P(OL/(7r")) 
induces a decomposition 



(3.7.2) 

Further we have equahties 



pn 



■Pn = Pn-U 



• l^p'"", 



p ■ ^ 

p = (i7p)o = (?7p)o • C/p'", 

= (Lp)o = (Lp)o • C/p'". 



We may interpret Up'^ C (C^p)q as the L-valued points of an open L-affinoid polydisc, since 
all non-diagonal entries x in Up'"' have norm |x| < |7r"|. Then the ring of iC-valued rigid-analytic 
functions 0{Up'^) is a iT-Banach algebra equipped with the following norm. Let 

i^jj-={Pi,...,^} 

be the set of roots appearing in Up. We consider the ring 0(Up) of i^- valued algebraic functions 
on Up as the polynomial if-algebra in the indeterminates X^^ , Xp^ . For n G N, set e„ = |7r|". 
Then 



(3.7.3) 



.Xl^ ■■■XI 



'■- ^^'9{h,...,ir)&il l«W,...,irk4^^ 



defines a norm on the X-algcbra (9(Up) so that 0{Up'"') becomes the completion of it. This 
iC-Banach space is contained in the larger ring of bounded functions on C/p'" 



which is a X-Banach space with the same norm, as well. 

Let W be a finite-dimensional locally analytic P-representation. The open subgroups P"" C 
G, n G N, form a cofinal system of Po-stable neighbourhoods of the identity. This gives rise to 
an identification 

In^liW) - In^^^^Ind^UK), 
Vn = {rigid-analytic maps f ■.P'^ ^W' \ f{gp) = ■ f{g)} 



where 



and where Indp" denotes the ordinary induction of group representations. On Vn the subgroup 
P" acts via left translation. There is a natural identification 

Vn = OiUp'"") ® W'. 

The action of P" = Up'"' ■ (Lp)o • {Up)o on the latter object translates as follows. The subgroup 
(Lp)o acts via conjugation on Up" on the first factor and on W' by the given one. The subgroup 
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C/p'" acts by translations on the first factor and trivially on W. We omit the description of the 
action of {Up)o since we won't use it explicitly. 

On the other hand, we consider W as a Lie algebra representation of p. Since the universal 
enveloping algebra of g splits (by the PWB-theorem) into a tensor product U{g) = U (up) ®k 
[/(p), we get (^u{p) — ^ (^p) ®K W. Similarly as above, there is an action of Pq on this 
space. On elements x <Si w G U{q) ®u{p) & given p G Pq acts by 

p ■ {x <Si w) = Ad{p) (x) (g) pw. 

Here Ad denotes the adjoint action. Under the identification U{q) <Siu{p) W = U{u^) (8) W the 
action of the Levi factor Lp is again via the adjoint action on Up'"" and the natural one on W'. 
We stress that there is no natural action of Up'"' on the above space since it not complete in a 
suitable sense, cf. Step 2 in the proof of Theorem 15. 1[ 

Now we consider the Lp-equivariant pairing 

(3.7.3) C'(Up) X U{up) K 

{f,h) ^ 3 •/(!)• 

This is a non-degenerate pairing and induces therefore a /C- linear Lp-equivariant injection 

C(Up) ^ Homx(f/(up),i^). 

given by 

Xl\■■■Xl^{^,)l...{^^)l.{Ll...I/^J. 

Here {(lJ^ • • • L^J* | (n, . . . , i^) G NJ,} is the dual basis of {L^\ ■ ■ ■ L^J {h, . . . , G N^}. The 
pairing (j3.7.3|) extends by continuity to a non-degenerate (Lp)o-equivariant pairing 

(3.7.4) OiUp'") X U{up) ^ K. 
which induces a Po-equivariant pairing 

(3.7.5) ( , ) : (0(C/p'") «) W) X (C/(up) 0W) ^ K 

{f®n,i®(l)) ^ (/.(n) - 3 • /(I). 
For e G \K*\, we consider the norm | 1^ on U{up) given by 

(3.7.6) I «n,...,vijj\---iXI-= l(n)!•••(v)!■a,„...,Je*l+■■■+*^ 

(ii,...,v)6N5 (n,...,v)eN5 

The completion of t/(up) with respect to this norm yields the i^-algebra 
C/(up),:= { E(.„...,,)eN5"^--'^^^J^i---^XI«n,...,ve^, 

■ ■ ■ {ir)\ ■ aii,...,v|e''"*""^*" ^ 0, ii + • • • + v ^ oo}. 
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We abbreviate U{up)n ■= U(up)j_. By the example given in ^S2.. ch. I, §3] we see that the 
pairing ()3.7.4p extends to 

0,(C/p'") X C/(up)„, ^ K 

such that Ob{Up'"') becomes the topological dual of C/(up)„. It follows that Ob{Up'^) ^ W is 
the topological dual of C/(up)„ W . In particular, we get an action of Up'^ and hence of P"" 
on U{up)n ® W. 

The following statement has been proved for G = GLn in [O]. 
Proposition 3.8. There is an isomorphism of (Hausdorff) locally convex K-vector spaces 

compatible with the action of l^m ^ P" = Pq . 

Proof The proof is the same as in loc.cit. and proceeds as follows. There are identifications 

lim^Ob(C/-'")=lim^O([/-'") 

resp. 

of locally convex i^-vector spaces. As we saw above, the space Ob{Up'^) ® W is the topological 
dual of U{up)n ® W. The claim follows now from |MoH Theorem 3.4] respectively [52l Prop. 
16.10] on the duality of projective limits of iiT-Prechet spaces and injective limits of iiT-Banach 
spaces with compact transition maps. □ 

Now we consider more generally a surjective map 

of J7(0)-modules as in ()3.1.5p . Let d = ker0 be its kernel. We may consider d by PWB as a 
submodule of U{up) ®k W. We denote by 

dn C U{Up)n <S)K W 

its topological closure in U{up)n ^ W. Finally, we put 

{OiUp^ Wr = {/ G 0(C/p VF' 1(3, /) = V 3 e d}. 

Then U{up)n <8> W /dn and {0{Up'^) (8) W'^ are A'-Banach spaces equipped with a natural 
P"-action, as well. The following statement generalises Proposition 13.81 

Proposition 3.9. There is an isomorphism of (Hausdorff) locally convex K-vector spaces 
compatible with the action of l^m ^ P" = Pq . 
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Proof. We define similarly (©([/p'") (g) (ObiUp'") ® W'f and (Ob(C/p'") By the 

density of t) in Dn we have 

(o(c/p'") (g) ly')' = (c(f^p'") ® w'f" 

resp. 

Now, the i^-Banach space (Ofe(f7p'") O W'f" is the topological dual of C/(up)„ ® Then 
we proceed with the argumentation as in the proof of Proposition 13.81 □ 

Corollary 3.10. There is an isomorphism of locally convex K -vector spaces compatible with the 
action of Gq. 

Ind$°{W'f = lii^^Ind^0(O(C/p'") W'f ^ ( Ind^o (C/(up)„ W/dn))' ■ 

4. The functor Jp and its properties 

4.1. The functor Fp. Denote by Rep|^(G) the category of locally analytic representations of 
G on i^-vector spaces. We saw in the previous section that for any object M G C'^ig) the D{Gq)- 
module (indp(VF')'')' is finitely generated and hence admissible. In particular, Indp(VF')'' = 
{D{G) ®u(5,p) M)' is reflexive, and we can thus define a functor 

7^ : Ol,^ Rept(G) 

by 

T^iM) = {D{G)0u(,,P)My . 
Proposition 4.2. The functor Tp is exact. 

Proof. Let Mi — >■ M2 M3 — > be an exact sequence in the category C^ig- Then there are 
finite-dimensional algebraic generating P-representations Wi C Mj, i = 1, 2, 3, such that we have 
an induced exact sequence — )• Wi W2 — > W3 0. Indeed, let W2 be a P-submodule which 
generates M2. Then the image W3 of W2 in M3 generates M3. Consider X := ker(W2 
If it does not generate Mi, then we let Y be any generating system and put Wi = X + Y resp. 
replace W2 by W2 + Y. The resulting sequence satisfies the claim. 

We get a commutative diagram with exact rows: 
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t t t 

Ml M2 M3 

t t t 

t t t 

Oi 92 t>3 ^0 

t t t 

000 

Note, that exactness of the middle row follows from the exactness of the functor U{q) 'Siu(p) —■ 
The exactness of the last row is a consequence of the snake lemma. If we apply our functor 
= J^p to the above diagram we get a new diagram: 


















i 




i 




f 


- -F(Mi) < 


- T{M2) < 


- HM3) < 


- 




I 


i 


I 




4- 


- Ind^(VF{) < 


- Ind^(W^) < 


- Ind^(W^) < 


- 




I 


i 


i 




f 








r- 




i 


i 


i 


















The middle row is obviously exact. The first row coincides by definition with the sequence 

^ Ind^iWif' ^ lnd${W^f^ ^ Ind^(VF;^)^^ ^ 0. 

A simple computation shows that it is right exact. Hence our functor Tp is in particular left 
exact. So all we have to show by using the snake lemma is to prove that the columns of the 
diagram are exact. For simplicity of notation, we consider the middle column. We abbreviate 
d = d2 and W = W2- The submodule D is again an object of the category O^ig- Thus we have a 
short exact sequence 

^ ^ ^ U{q) ®u(p) W ^Xi^Q 
for some finite-dimensional algebraic P-representation W. Hence J-{p) = Indp(Tl^')'. In order 
to show the surjectivity of Ind^(M^') — >■ Tip)^ it is enough to show the injectivity of its dual 
map. But the dual is by Proposition 13.81 given by the map 

hm^Ind^« ([/(u-)„ W/^n) ^ lim„ Ind^°(^(u")n ® W). 

Now the functor l^m^ is exact on projective systems consisting of Frechet spaces where the 
transition maps have dense image (topological Mittag-Leffler property), cf. |EGAt 13.2.4]. Hence 
it suffices to prove that the maps ?7(u~)„ (8) W/dn U{u~)n <8) W are injective. But these maps 
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are just the "completions" of the map U{u~) W/i — t- U{u^) <^ W with respect to the norm 
p.7.6p . By using [BGRl Cor. 6, 1.19] we see that the completion functor is exact. Further we 
have U{u~) (S> W/^ = '0 C U (u~) (S>W hy construction. The claim follows. □ 

4.3. Extending the functor Tp. Let as before P C G be a standard parabolic subgroup. Let 

y be a K-vector space, equipped with a smooth admissible representation of the Levi subgroup 

Lp <Z P. We consider V via inflation as a smooth representation of P. We equip V with the finest 

locally convex iC-vector space topology, and consider V as a, locally analytic P-representation, 

i.e. we write V = lim as the strict inductive limit of the finite-dimensional Banach spaces 
— yH 

consisting of i7-fix vectors |ST11 §2]. Here H ranges over all compact open subgroups of 

Lp. 

Let M be an object of O^jg and write it as before as a quotient of a generalized Verma module 
as in (|HT3D : 

0^0^ C/(g) ®u{p) W ^ M ^Q. 

We consider the (injective) tensor product W 0k, i. ^ ■ Since is a finite-dimensional Banach 
space, it coincides with the projective tensor product W' ®k,-k V ■ Therefore we simply write 
W'^kV for it. We also remark that it is automatically complete and that the identity W'^kV = 
lim^j W ® holds as locally convex vector spaces. Then we set 

(4.3.1) Tp{M, V) = lnd${W' ^kV)^ = {f e Ind^(T^' (^k V) \ for all 6 € d : {6, f) = Oy} . 

As for the case when V is the trivial representation, we will see below that it is independent of 
the chosen Lp-representation W. First we state the following proposition which follows from 
results due to Emerton. 

Proposition 4.4. The representation J^p{M,V) is admissible for all smooth admissible Lp- 
representations V and for all M € C^lg- 

Proof. Since W and V are admissible [ST2t Thm. 6.6 (i)], it follows by |EmH Prop. 6.1.5] that 
the P-representation W' V is admissible, as well. Further the parabolic induction process 
preserves admissibility, cf. |Em2l Prop 2.1.2], at least, if the action of P on W' factors through 
Lp. In general, we can find a filtration of W by P-representations such that the action of 
P on the associated graded space acts through Lp. Using the fact that an extension of two 
admissible representations is again admissible, cf. \ST5\ p. 304], \ST2\ Remark 3.2], we conclude 
that Ind^iW 0kV) is again admissible. Thus the claim follows, since Tp{M, V) is a closed 
subspace of this admissible representation. □ 
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In order to describe the dual space J-p{M, V)', we proceed as follows. The completed tensor 
product 

has then the structure of an D{P x P)-module. Note that D{P x P) = D{P)0,^kD{P). And as 
V' is a (trivial) p-module, the tensor product Mi^k,i.V' is naturally a U{q x g)-module. These 
two module structures are compatible (cf. the argument in section [3^ and M^i^^tT^' is thus a 
module for the subring 

C/(2)(0,P) := UiQXQ)DiP X P) 
oi D{G X G). The diagonal morphism 

e-.G^GxG, e{g) = {g,g), 

induces a iC-algebra homomorphism 6** : D{G) D{G x G) by 9^{6){f) = 5{f o 0), and 6^ 
maps U{q,P) into U^'^\q,P). We then give M^K,i,y' the structure of an [/(g, P)-module via 
9^. Then we get 

T^{M,V) = {D{G)^uis,P),9AM^K,y)y . 

Indeed, the same proof as in Section 3 applies. First one verifies that Prop. 13.61 generalizes to 
obtain an isomorphism 

D{G)§)ui,,P),eAM^Ky) = {D{G)^o(p){W^kV')) /D{G)d. 

Now write V = lim^ where the subgroups H range over all normal compact open subgroups 
of Pq. Then we get 

(IndfiW (S)Vfy = (Indg(VF'®/^ lii^y^)^)' 

H 

= (Indg(lii^VF' (^K V^fy 

H 

H 

= 1^ {D{Go) (^DiPo) {W ®K (y^)')/I?(Go)t)) 

H 

= [D{G^)®D{p,){W®KV'y) /D{Go)i) 
= {D{G)®D(P){W^KV'y) /D{G)li 

The fourth equality follows from [Sl> Prop. 16.10] and our discussion in sec. 3. For the fifth 
equality, we refer to the proof of |ST21 Theorem 6.6 (i)] and to |EmH Prop. 1.1.29, 1.1.31]. 



We thus get a bi-functor 
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which is contravariant in the first argument and covariant in the second. Here, Rep^'"(Lp) 
denotes the category of smooth admissible Lp-representations on iC- vector spaces. 

Remark 4.5. One can also extend the functor J-p to some category of [/(g, P)-modules 
which contains all objects of O^ig' ^^^^ "^^^^ spaces of all smooth admissible Lp- 

representations, and tensor products of those. In this paper we do not need to consider such a 
larger category and have therefore decided not to introduce it. 

Proposition 4.6. a) The bi-functor Tp is exact in both arguments. 

b) If Q D P is a parabolic subgroup, q = Lie{Q), and M an object o/O^ig' ^^^n 

J^{M,V)=T§{M,il^^^^^^^jV)), 

where ^^p(iQn!7p)(^) ~ ^p(^) denotes the corresponding induced representation in the category 
of smooth representations. 



Proof, a) On the level of JC- vector spaces we have T^{M, V) = T^{M) ®kV, and T'f is thus 
exact in the second argument. That it is exact in the first argument is Prop. 14.21 

b) We note that this formula is analogous to the projection formula Ind^(l^) = Ind^(/C)(8)VF 
in the representation theory of finite groups, when W is a G-representations. The analogous 
proof can be checked by hand, using the description ()4.3.ip . A more ring-theoretic argument goes 
as follows. Without loss of generality we may assume that all smooth representations involved 
are of finite length. Then we have that J'f (M, V)' = D{G) ®u{Q,P),e* {M®kV'). Define 

e:G^GxG,hy e{g) = ig,g-'). 

Then 9 induces a iC-linear map 9^ : D{G) D(G x G) (which is not a ring homomorphism if 
G is not abelian). Both 9^, and 9^ map U{q,Q) into C/(2)(g,(5). Give M®k{U{q,Q) ®u{q,p) 
the structure of a [/(g, Q)-module via 6**. 

On the other hand, there is a unique [/*^^)(g, (5)-module structure on f/(g,Q) ®u{Q,P)fi, 
{M®V') with the property that a tensor product of distributions 5i ® 82 (with 81,82 (g, Q)) 
acts on a tensor 8 (® {v (® <j))hy {818) ® {{82V) (® (f). Then define maps 
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^ : M^K {U{q,Q) ®u{3,P) V) U{q,Q) ®U{3,P),9, (M^kV) 



by 



<l> (5 (v (g) (j))) = e*{5) • (f (g) (1 (g) 0)) , and ^ (g) (5 (g) 0)) = 9^(5) • (1 (g (g 0)) 



Using the fact that the delta-distributions 6g are dense in D{G) (cf. |STH Lemma 3.1]), it is 
an easy matter to verify that these maps are well-defined and U{q, (5)-module homomorphisms 
which are inverse to each other. (Remark: 5 i-)- does not turn C/(g, Q) (g>[/{g,P),e, {M^kV) 
into a [/(g, Q)-module; but this is not needed here.) We thus have a canonical isomorphism of 
(5)-iiiodules 



U{q,Q) ^u(s,P),e. (M^kV) ^ M0K {UiQ,Q) <S)uis,p) V) , 

where on the right hand side the ring U{q,Q) acts via The claim follows by the following 
lemma. □ 

Lemma 4.7. With the above notation we have 



UiQ,Q) ®u{,,P) v' = i'livy. 

Proof. We start with the observation that i^{V) is just the subspace of Indp(y) which is annu- 
lated by q = Lie(Q). The dual space of Ind^(y) coincides by (f2X2|) with D{Q) «)d{p) V- Let 
/(q) C D{Q) be the two-sided ideal generated by q. Then the dual space of ip(V') is 

(DiQ) ®D(P) V')/{I{q) 0DiP) V) 
which is naturally isomorphic to 

D{Q) ®c/(,,P) v. 

Here V' has the structure of a [/(q)-module via the trivial action. But the latter object is 
isomorphic to 

U{q,Q) 0u{s,p) V- 

□ 



Remark 4.8. We remark that also the description in Cor. I3.10l has a counterpart in the relative 
version. Indeed, let V be as before a smooth admissible Lp-representation. By letting act C/p'" 
trivially on V, it has even the structure of a P"-representation. Then we get isomorphisms 

Indg(VF'0F)^ = lim^Ind^^(0(C/p'") (gTy' 

^ ( l^m^ Ind^° iU{up)n ® (W ® Vy/dn)) '. 
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Indeed, for the proof we write again W' 'S>V = lin^^ W'(g>V^. Here H runs through the set of 
all compact open subgroups of {Lp)q. As any such subgroup H normalises (C/p)o and C/p'"' and 
since the commutativity relation (j3.7.2p is satisfied, we deduce that Up'^ ■ H ■ {Up)o is an open 
subgroup of P". Then 

lnd^«(0([/p'") 0W'(^ y)^ = lii^i^IndJ;o,„^^^^^^(0(C/-'") ^W'® V^)". 

By the finite-dimensionality of we get by Prop. 13.91 

Indg(T^' O Vy = lim^lim^Ind^" ^^^^^^^^(^(C/p'") ®W' V^f. 



4.9. Locally analytic BGG-resolutions. Recall that for a character A G X*(T), we denote by 
M(A) = C/(g) ^u{b) K\ the corresponding Verma module and by L{X) its simple quotient. Let 
A be the set of simple roots and $ the set of roots of G with respect to our data T C B. Let 

X+ = {A G X*(T) I (A, a^) > Va G A} 

be the set of dominant weights in X*(T). If A G Xj^, then L[\) is finite-dimensional and comes 
from an irreducible algebraic G-representation. In this situation, we also write V{\) for L[X). 

Denote by • the dot action of I^ on t* = X*(T)k given by 

w-x = w{x + P) - P, 

where P = ^ Soe* ct. If X €^ X*{T), then it; • A is contained in X*{T), as well. For a dominant 
weight A G the BGG-resolution of the finite-dimensional G-module V^(A) has the following 
shape 

(4.9.1) ^ M{wo • A) ^ M{w • A) ^ > M{w • A) ^ M(A) ^ V{\) 0. 

w W 

We refer to |Kuj for the choice of differentials in this complex. By applying our exact functor 
T^, we get a resolution 

e(w)=e(wQ)-i 

^ T^{M{wX))^T^{M{X))^T§{V{X))^0. 
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which coincides with 

^ Indg((u;o • A)-^) ^ Indg((w; • A)"!) ^ . . . 

wew 
e(w)=e(wQ)-i 

^ Indg((u;-A)-^)^Indg(A-i)^y(A)0ig^O. 

There is also a parabolic version of the BGG-resolution due to Lepowsky [Lej . Let P = Pj C 
G, / C A be a standard parabolic subgroup. Let 

Xf = {X£ X*{T) I (A, a) > Va G /} 

be the set of L/-dominant weights. In particular X'^ C X^. Let = Wj\W which we identify 
with the representatives of shortest length in W. Let ^wq be the element of maximal length 
in ^W. If A is in X+ and w G then w ■ X G X/, cf. [Lei P- 502]. The /-parabohc 
BGG-resolution of ^(A) is given by a sequence 

^ Mj{^wo • A) ^ Mi{w • A) ^ > Mi{w ■ A) ^ M/(A) ^ y(A) ^ 0. 

Again, we refer to |Kuj for the definition of the differentials in this complex. 
By applying our exact functors J^p, we get a resolution 

^ (MK^ • A)) ^ T^{Mj{wX))^... 

^ J^^{Mj{wX))^T^{Mj{X))^J^^{V{X))^0 

which coincides by Proposition 14.61 with 
^ Ind^(y/(^u;o • A)') ^ lnd${Vi{w ■ A)') ^ ... 

^ Ind^(y/(u; • A)') ^ Ind^(yr(A)') ^ V{X) ^ 0. 

Example 4.10. Let G = SL2 and identify characters of T with tuples of integers in the usual 
way. let A = (0,0) G X*{T). Thus L(A) = K is the trivial representation. Let A' = (-1, 1) G 
X*{T). The BGG resolution of the trivial representation is the short exact sequence 

^ M(A') ^ M(A) ^ K ^0. 

By applying the functor to this sequence, we obtain an exact sequence 

^ i%{K) Indg(i^) ^ Indg((A')"^) ^ 

The last map coincides with the derivative map, cf. [STl, §6], |Mo2) 
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Remark. In a recent preprint |Joj . Owen Jones constructs a similar exact sequence for locally 
analytic principal series representations of subgroups of G possessing an Iwahori decomposition. 
His exact sequence is based on the BGG-resolution as well. 

5. Irreducibility results 

In this section we suppose that the residue characteristic is at least five@ 

Theorem 5.1. Let M G Oaig be simple and assume that p is maximal among all standard 
parabolic suhalgehras q with the property that M is contained in C^lg' ^^^^ 

i) D{Gq) (^u{2,Po) M ^•^ simple as D{Go)-module. 

ii) J-p{M) = Ind'piW'Y is topologically irreducible as Go-representation. 
Hi) J-p{M) = Indp(VF')' is topologically irreducible as G -representation. 

Proof. Statement ii) follows from i) by the equivalence (j2.1.ip and iii) is a consequence of ii). 
We are going to prove the first assertion now. 

Let r always denote a real number in (0, 1) np*^. We choose an open normal uniform pro- 
p subgroup H C Gq (below we will choose H specificly, but here it can be any open normal 
uniform pro-p subgroup.), cf. |DDMSt 8.34]. Define the norm || • | < r < 1, on D{H) via 
the canonical p- valuation on H as explained in \ST2\ §4] resp. ^OSi, 2.2.3, 2.2.4]. We use the 
decomposition 

^(^0)= 6gD{H) 
g&Go/H 

to define the maximum norm, denoted by || ■ ||r too, on D{Go), i.e., 

II '^ffAgllr = max{||A<;||r.}. 

geGo/H 

Put M = D{Gq) ®u(q,Po) It suffices to show that 

:= Dr{GQ) ®D{Go) M = DriGo) ^Uis,Po) M 
is simple as L>r-(Go)-module for r sufficiently close to 1, cf. |ST2^ Lemma 3.9]. 

Let Uris) be the topological closure of U{g) in Dr{Go), and let 

= Ur{g)M 

o 

In a later version we will make this restriction more precise, or possibly eliminate it entirely. In case that the 
root system $(0, t) has only components of type A, D or E, the present proof holds for any residue characteristic. 
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be the ?7r(0)-submodule of generated by M. It follows from [Klj that Dr{Po) is generated 
as a module over ?7r-(po) = Dr{Po) H Ur{Q) by Dirac distributions 6g-^, . . . ,6g^, with gi G Pq. 
Because Pq acts on M, the Ur{g)-ioaodule xttr is actually a module over the subring 

m 

Ur{d,Po) = Ur{g)Dr{Po) = J] Ur{g) ■ 

1=1 

generated by Ur{Q) and Dr{Po) inside Dr{Go). Moreover, rrir is a finitely generated Ur{Q)-module 
(in fact, generated by a single vector of highest weight), hence carries a canonical C/r-(s)-module 
topology. The module M is clearly dense in with respect to this topology. It follows from 
[F] or \0S\ 3.4.5] that is a simple C/r(0)-module, and in particular a simple Ur{Q, Pq) -module. 
Identifying elements of G with Dirac distributions, we put 

Po,r = GonUr{Q,Po)CDr{G), 

which is an open compact subgroup of Go containing Pq. Then Dr{Go) is a finitely generated 
and free Ur{Q, Po)-m.odule and 

Dr{Go)= 5gUr{Q,Po). 

geGo/Po,r 

We have vXr = UriQ,Po) ®u{s,Po) ^ ^ P>r{Go) <S>u(s,Po) M = Mr, and 

Mr = Dr{Go) (^U(s,P) = ^r{Go) (^Ur{s,Po)^r = SgXUr . 

Go/Po,r 

With m-r all C/r(0)-submodules SgXtir are simple as f7r(0)-inodules, as well. Hence in order to 
show that Mr is simple it suffices to prove that there is no isomorphism of C/r(0)-modules 
(j) : 6gj^mr -—^ Sg^xrir for giPo^r 7^ 52-Po,r- Defining ip{v) = '5g-i</>(5g2^) gives an C/r(0)-module 
isomorphism : ^g-^g^^r so that we may assume 52 = 1- Let / C Go be the Iwahori 

subgroup whose image in G{Ol/{ttl)) is ^{Ol/{tti)). Using the Bruhat decomposition 

Go = ]J IwPo 

weW/Wp 

we may write g = gi = h^^wpi with h £ I, w ^ W and pi € Pq. By the Iwahori decomposition 

i = iinUp)-{inPo) 

we can write h = up2 with p2 € / n Pq and u G / n Up . We recall that Up is the unipotent 
radical of the parabolic subgroup opposite to P. The same reasoning as before then shows that 
an isomorphism 6gmr ^> tTir induces an isomorphism of [/r(5)-iiiodules 
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Step 1. We show first that this can only happen \i w ^ Wp. Let A € X(T)* be the highest 
weight of M, i.e. M = L(A), and / = {a G A | (A,q'^) € Z>o}, cf. Example[231 Beware of the 
double notatiorl^. 

Then by Cor. 18.61 and the maximality condition w.r.t. p, the parabolic subalgebra p is p/, 
where the root system of the Levi subalgebra of p/ has / as a basis of simple roots. Suppose w 
is not contained in Wi = Wp. Then there is a positive root /3 ^ such that w~^f3 < 0, hence 
w~'^{—l3) > 0, cf. [Carl 2.3]. Consider a non-zero element element y € 0_/3, and let f E M be 
a weight vector of weight A (uniquely determined up to a non-zero scalar). Then we have the 
following identity in M^, 



as Ad{w^^){y) S 0_to-i^ annihilates v^. We have (/){6w ■ v'^) = 5^ ■ v for some nonzero v € m^. 
And therefore 



= (piySuj ■ v^) = y(t){6w ■ v~^) = y6u-v = (5„Ad(n ){y) ■ v . 

And hence Ad{u^^){y) ■ v = since 6u is a unit in D{Go). On the other hand, y' := Ad{u^^){y) 
is an element of Up and as such acts injectively on M, cf. Corollary 18.51 We show that y' 
actually acts injectively on xrir too. Write t> as a convergent sum v = Yl^i^Aiv) ^A~/t where A{v) 
is a (non-empty) subset of Z>oai © ... © Z>oa^ (A = {ai, . . . , a^}), and wa-^ G M\^^ \ {0} is 
a vector of weight X — fi. Write y' = X^^g^ 2/7, where i? is a non-empty subset of \ and 
y^ is a non-zero element of g^-y C Up. Then we have 



= y' ■v= Yl Yl y-r- ^A-/. I , 

!^eZ>0«i®...®Z>o«f \^tGA(i;),7GB,i/=^+7 



where 



AteA(i)),7e_B,i'=/^+7 

lies in M\^y and is thus zero. Define on Qai © ... © Qa^ the lexicographic ordering as in the 
proof of Prop. 18.41 Choose 7"'' G B and /i"*" G A(w), both minimal with respect to this ordering. 
With = 7+ + ^'^ we then have 

= X 2/7 • l-A-i* = 2/7+ • Vx-^+ . 

This contradicts Cor. 18.51 and we can thus conclude that w must be an element of Wp. 



'We won't use the Iwahori subgroup anymore 
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From now on we may even assume that w = 1 since Wp C Po,r- 

Step 2. Now let (p ■ SuXrir be an isomorphism of [/r(0)-iiiodules. Let E Mx \ {0} be 

a vector of highest weight as above. Put (piv^) = 5u ■ v with some non-zero v € m^. Then we 
have for any x E t, the fohowing identity in 6uXnr. 

X{x)6u ■ V = (f){x ■ v^) = X ■ 4>{v'^) = (5uAd(u~"'^)(x) • v . 
We have thus for all x G t, the following identity in rrir 

(5.1.1) \{x)v = kd{u-^){x) ■ V . 

Note that this equation only involves the action of elements of Up ©t, because Ad{u~^){x) is in 
Up © t. Next we embed xUr into the "formal completion" of M, i.e., 

M = J]M^ 

by mapping the weight spaces C xrir to the corresponding space C M. Then M is in an 
obvious way a module for U(up © t). This module structure extends to a representation of Up 
as follows. Since Up is a nilpotent group, the exponential exp^^- : Up — Up is actually defined 
on the whole Lie algebra, so that we have a map exp^^- : Up Up. Let logj^- : Up — > Up be 
the inverse map. Then we can define for u € Up and v = & M: 

/i n>0 

Note that this sum is well-defined in M, because log^-(ti) in in Up, and there are hence only 
finitely many terms of given weight in this sum. (We continue to write the action of an element 
u G Up on M by Moreover, it gives an action of Up on M because 

exP[7- (log^- (ni)) • expj^- (logj^- (^2)) = exp^^- ('H(log^- (ui), log^- (us))) 

where 1-L{X,Y) = log(exp(X) exp(y)) is the Baker-Campbell-Hausdorff series (which converges 
on Up, as Up is nilpotent). It is then immediate that this action is compatible with the action 
of U{up © t). The identity (|5.1.ip implies then the following identity in M 

6^-1 ■ {x ■ {6u ■ v)) = Ad{u^^){x) ■ V = X{x)v , 
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for all X € t, and thus, multiplying both sides of the previous equation with 6u, 

X ■ (Su-v) = X{x)6u ■ V . 

Hence 5^ • f is a weight vector (in M) of weight A and must therefore be equal to a non-zero 
scalar multiple of v~^. After scaling v appropriately we have 5u ■ v = or v = 5^-1 ■ with 

(5.1.2) 5„-i.^;+ = Vl(-log^-(n))"-i;+=:E . 



Our final goal is to show that the series S, which is an element of M, does in fact not lie in 
the image of rrir in M, thus achieving a contradiction. 

We begin by remarking that the uniform pro-p subgroup H <\Gq used above to introduce the 
norms || ■ ||,. can be chosen in the following way: H = H^H^ (i-e., every element of /i € -ff is 
the product h = h~h~^ with uniquely determined elements € H~ and £ H^) with open 
uniform pro-p subgroups H~ < U~ and <\ Pq. This follows from a consideration of the Zp-Lie 
algebra (in the sense of [DDMSl 4.5]) of some open normal uniform pro-p subgroup of Go, as in 
[USl 3.3]. Moreover, H~ can be chosen such that its Zp-Lie algebra LieZp{H~) is a direct sum 
of Oi-lattices in the root groups Q^p with /3 € \ ^f. Write 

Liez,(i/-)= OlVp, 

where y^s is a generator of 0_^. The closure of U{up) in Dr{Go) is then the same as the closure 
Ur(u~p) of U{up) in Dj.{H^). This closure has an explicit description in terms of the logarithms 
log(6/3 + 1), where bp = — 1, and hjs = expji^-(y^), cf. |Klj . Let now r G (i, 1) Hp^ be an 
element of the set 5, as defined before |Sch[ 7.4]. Then there is some m E Z>o such that s = r^"^ 
has the property that ■s > |, but s'^ < p~p^ , where k = 1 if p > 2 and k = 2 if p = 20 Denote 
by H~'"^ the m^^ group in the lower p-series of H~ . Then norm || • on Dr{H~) restricts to 
a norm on D{H~'"^) which defines the same topology as the norm || • \\s"^'^ defined on D{H~'''^) 
by means of its canonical p-valuation, cf. \Sch\ 7.4]. In this case, however, the algebra U(up) is 
dense in Ds{H^'^) for the norm || • As both || • and || • define the same topology on 
U{up), we get that Ur{Up) = Ds{H^''^). Moreover, the Zp-Lie algebra of if^'™- is 

and elements in Ur{up) have a description of power series in y^™"^ = p^yp: 
^In this preliminary version we always have k = 1. 
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UriUp) = { V dr^iy^^^ri lim Id^ls'^H^O}, 
, |n|-5.oo 
n=(n^) 

where is the product of the (y^"^^)"^ over all /3 G \ ^f, taken in some fixed order. 

The s-norm of any generator y^™^ is 

(5.1.3) l|yril^ = ^''- 



The group which we denoted by Po,r is with this notation H '"^Pq. Write 



log^-(n)= J2 

peB{u) 

with a non-empty set B{u) C \ and non-zero elements Zjs € 0-^. Put 



B+iu) = {/3GB{u)\zp^OLy^;'^}. 
This is a non-empty subset of B{u). Put B'{u) = B{u) \ B^{u), 



z+ = ^ z/B and z' = ^ Zfj = log^^ (u) - 2:+ . 

Then z' G LieZp(i?~'™'), and thus exp(z') G H~'"^. The element ni = tiexp(z')~^ = ■uexp(— z') 
does not lie in and duViir = (^^in^r. We may hence replace u by ui = tiexp(— z'). Then we 

compute logij-{ui) = log^;- (nexp(— z')) by means of the Baker-Campbell-Hausdorff formula. 
Because of the commutators appearing in this formula we have 



(5.1.4) logjj~{ui) G z^(n) -|- (iterated commutators of Q-b+{u) with q^b'{u) ) > 



where Q-b+{u) = 0/3eB+(u) 0-/3 ^^^d analogous for 0_b'(m). Put ht'{u) = mm{ht{/3) \ /3 G i?'(n)}. 
The height ht{/3) of the root /3 = YlaeA "'"'^ defined to be the sum J2aeA follows from 

the preceding formula (|5.1.4|) that ht'{ui) > ht'{u). The process of passing from u to ui can be 
repeated finitely many times, but will finally produce an element um G (/ H U~) \ H~'"^ which 
has the property that B'{un) = (and hence un+i = un)- We will denote this element again 
by u. 

Next we chose an extremal element /3~^ among the /3 G B{u) = B^{u), i.e. one of the minimal 
generators of the cone X^^gB(M) ^^>o/3 inside 0QgA^'-'^- Then we have 
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/3GB(«),/37^/3+ 

This means in particular that no positive multiple of can be written as a linear combination 
S/3e-B(M) /37^/3+ '^l^f^ with non-negative integers C/3 G Z>o. It follows that if n is a positive integer 
and 

n/3+ = + . . . + with not necessarily distinct 7^ G -B(ti) 

(5.1.5) 

=^ [m = n and 71 = • • • = 7™ = . 
After these intermediate considerations we return to the series 

n>0 ' n>0 

where B{u) = j/?"^, /32, . . . , /3s}. It follows from (I5.1.5P and Cor. 18.51 that if we write S as a 
(formal) sum of weight vectors, there is for any n G Z>o a non-zero weight vector in this series 
which is of weight A — n/3~*", and this element is „/ ■ • 

The last part of the proof is to show that the formal sum of weight vectors 

(5.1.6) y: ^4'- • 

n>0 

cannot be the corresponding sum of weight components of an element of rrir, when considered 
as an element of M and written as a sum of weight vectors. 

We start by fixing a Chevalley basis {x^,y^,ha \ 7 G <I>+,a G A) of [0,0]. By this we mean 
that the structural constants are in Z. We have G Q^, y-y G Q-^, and ha = [xa,ya] £ t, 
for a G A. Write \ = . . . , f3r} (the /3i here are not necessarily the same as above). 
Choose finitely many weight vectors Vj G M of weight A — /Uj, j = 1, . . . ,t, generating M as 
U (up)-module. Put = 7/^. , i = 1, . . . , r. To show that ()5.1.6p does not converge to an element 
in TTir-, we write 

= 2^ c^jy/-...-?//.T;,, 

where X„ j C Z>q consists of those v = (z^i, . . . , Vr) such that /ij + i^i/Si + . . . -|- Ur/Sr = nf3'^ . It 
follows from the Lemma 18.101 that there is at least one index {v,j) with the property that 
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K 



We will use this inequality to estimate the 



norm of any lift of to 



UriUp)(^KKVj. 

i<3<t 

Here the || ■ \\r - norm on this free Ur{up)-module is the supremum norm of the \ ■ \r - norms on 
each summand. Let qz be a Z-form of g, i.e. Qz'^zL = g. We may choose qz in such a way that 
its derived algebra has the Chevalley basis which we fixed before. We choose the uniform pro-p 
subgroup H such that its Zp-Lie algebra is equal to p'^°QOli where qo^ = gz Ol- For mo 
big enough the Zp - Lie algebra p^^^Qol will be powerful in the sense of [DDMSl sec. 9.4]. The 
group H = exp(p™ogOi) is then a uniform pro-p group [DDMSi 9.10]. Furthermore, the group 
fj-,m j^g^g ^YiQ Zip - Lie algebra p"^°~^"^{up)ox,- The elements ym,i = p"^°~^"^yi, i = 1, . . . , r, which 
are a basis of LieZp{H~'"^), have all || • \\s - norm equal to s, cf. ()5.1.3p . And since B'{u) = 0, 
we have Zf^+ = p~""iim,i3+ for some a > 0. We then get: 



n! 



.V 



P 



■ V 



E E 

1<J<* l^&^n,] 



Jj^) —na+ (mo +m) {n—u\- 



We are now going to estimate the || ■ - norm of the term 



.i"^) ^-na+{mo+m){n-vi- ...-Ur) Pi , _ Mr 
v,j f Um,! ••• ym,r • 



Using the estimate for cj, ■ we find that the || • ||s -norm of this term is greater or equal to 



I J_ I „na+{mo+m)(ui + ...+Ur~n) ui+...+Ur 



_ 111 ^na—n+(mo+m-'l)(vi + ...+Ur-n)(^„\ui + ...+Ur 

Note that jij + i^i/3i + . . . + VrPr = n-f^'^ implies that n — (i^i + . . . + z^r) is bounded from above 
by some constant Ci, cf. 18.101 Hence we get 



pna-n+{mo+m-l){ui + ...+Ur-n) > ^n(a-l) ^ ^-(mo+m-l)Ci 

is bounded away from (recall that a G Z>o). And because s > | we have ps > 1, and 
the term (ps)'^^"*'"'"*''^'' is unbounded as n — )■ oo. Altogether we get that any lift of :^z^+.v~^ to 
®i<j<t Ur{vr)®KKvi has an - norm which exceeds C2(ps)", where C2 > is some constant. 
The sum X]„>o which is an element of M is therefore not contained in the image of 
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xxir- And as we have seen before, this in turn proves that X]n>o — '"w! •'^"^ ~ ^u-^-'^^ G M is 
not in the image of rrir. □ 

Theorem 5.2. Let M G Oaig be simple and assume that p is maximal among all standard 
parabolic subalgebras q with the property that M is contained in O^lg- V be a smooth and 
irreducible Lp -representation. Then J-p{M^V) = Indp(VF' (^k yY is topologically irreducible 
as G -representation. 

Outline of proof. Put X = Fp{M, V). The proof proceeds as follows. To any G-subrepresentation 
U <Z X there is a smooth representation Ug and a natural G-morphism Indp(Ty)'' ®k Ug U. 
Us is a subrepresentation of Xg which is shown to be isomorphic to the smoothly induced repre- 
sentation indp(y). We prove that if U is closed and non-zero, then Us is non-zero as well, and 
the composite map 

Ind^(VF) 0kUs ^ Ind^(H^) 0k ind^(y) X 
is surjective. As this map factors through U we necessarily have U = X. 
Step 1: the smooth representation Ug. For a G-subrepresentation U C X, we put 

Us = lirnHomH(Ind^(W^')'lH, U\h) , 

where the limit is taken over all compact open subgroups H of G, and the homomorphisms are 
continuous homomorphisms of topological vector spaces. Of course, it suffices to take the limit 
over a set of compact open subgroups which is a neighborhood basis of 1 G G. There is an action 
of G defined on Us as follows: for (j) & Us, g & G put 

Note that Us is a smooth representation. Taking for U the whole space X gives us a smooth 
G-representation Xs- Note that there is always a continuous map of G-representations 

: Ind^(^')' ^kUs^U, f<S)cl)^ cj){f) . 

In order to analyze Us we will need to understand the restriction of Indp(W^')^ to compact- 
open subgroups H. 

Step 2: restricting Indp(VF')^ to compact open subgroups. Let Gq C G be a maximal compact 
open subgroup such that G = Gq-P, and put Pq = Gq r\ P. By [Berl sec. II. 2] ('Bruhat's 
Theorem') there exists a fundamental system of neighborhoods of 1 consisting of compact open 
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subgroups of Go, with each H being normal in Go, and such that every H has an Iwahori 
decomposition 

H = {Hnu-)- (HnP) 

where U~ is the unipotent radical of the parabolic subgroup opposite to P. As H is normal 
is Go, we have for every 7 € Go 

H = {Hr\ -fU--f-^) ■ {H n 7^7"^) . 

We have 

lnd${W'f\H = lnd$^{Wr\H = Indfn,p„,-.((H^')")'- 

-reH\Go/Po 

The Go-representation Indp°(VF')° is topologically irreducible by Theorem 15.11 Therefore, all 
i7-representations on the right hand side are irreducible too (here we use that H is normal 
and has an Iwahori decomposition). Between two such representations Ind^^^ p ^-i{W) and 

Ind^^^ p ^-i{W) with H^iPq 7^ H-j2Poi there is no non-zero continuous i?-equivariant mor- 
phism. This fact is implicitly contained in the proof of Thm. 15.11 (the subgroups H used here 
can be taken to be the subgroups Po,r from the proof of Thm. IS.ip li 

Similarly, for the induced representation Indp(VF' 0k we have 



jeH\Go/Po 

Denote by V^'^^° C V the subspace on which H n Pq acts trivially. Then 
is an iZ-subrepresentation of lnd^^^p^^-i{{W')'' 0k V'^)''. And 
is canonically isomorphic to 
Let 



: lnd$^{W'y\H ^ Indg(W^' 0k Vfln 



^In a forthcoming version we will make this argument self-contained. 
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be a continuous homomorphism of iJ-representations. For each 7, let be a non-zero vector in 

Because of the irreducibihty of the representations Ind^p^p^^-i ((PF')''')'', the map (f) is uniquely 
determined by the images (pif'y) € lndp°{W'>SiKV)^ . By the very definition of the representation 
Indp°(VF' y)^, the function ^(/-y) : Go — ^ W ®k V is rigid-analytic on the components of 
some covering of Go by 'polydiscs' Aj, and takes values in a 5i7-subspace of W ^kV- But any 
such Si^-subspace is finite-dimensional, hence contained in a subspace of the form W'^kV^'''^^'^ 
for some (small enough) open subgroup H' C H. Shrinking H' we may further suppose that 
each Aj is //'-stable (by multiplication from the left), and that each ^(/y) takes values in 
W ®K V^'^^^K For any h e H,we have 

cp{h.f^){g) = [h.<l>{f^)]{g) = (t>{mh-^g) € W ®k 1^^'"^° • 

Because the subspace of Ind|^^^p^^_i ((Ty')''')^ generated by the functions h.f^ is dense in 
Indin7Po7-i((^')^)', we have 0(/)(ff) G W ®k for all / G lnd%^^p^^.^{{Wyf. It 

follows that (() induces a continuous map of iJ'-representations 



Ind^°(W')%' ^ Indg(W^' ®K l^^'^^°)V' = Ind^„"(T^') 



The irreducible i/'-representation Ind|^,p|^p^^_i ((W^')'^)^ on the left hand side is mapped 

to the corresponding summand lnd^,^^p^^-i{(W')'^y ®k V^'^^^\ and is thus of the form 

f ^ f ® V for some v € y-^^^o. This shows that any element in Xg is "locally" (i.e. on 
the subrepresentations Ind^,p^p^^_i (M^''')'') given by vectors in y^'^P» (for sufficiently small 
subgroups H'). It is now an easy matter to verify that the G-action on Xg identifies Xg with 
the smoothly induced representation indp(F). Thus we have shown the 

Lemma: The canonical map indp(F) ^ X^, [/ i-> $(/ (g) y?)], is an isomorphism. 

Step 3: Us is non-zero for non-zero U. Let U G X he a non-zero closed G-invariant subspace. 
Let / G [/ be a non-zero element. Then, as we have seen before, / takes values in a vector space 
W iSiK V^'^^° for a sufficiently small compact open subgroup H. Therefore, / is contained in 



'y€H\Go/Po ■yeH\Go/Po 



It follows from this that U contains a non-zero iJ-invariant subspace of 
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7e//\Go/Po 

Because the representations Ind^^^p^^-i{W"^) are irreducible, and because there is no non-zero 
continuous intertwiner between any two such (with HjiPq ^ HJ2P0), any such subspace is 
isomorphic to 



76if\Go/Po 

with a subspace Vy of V^'~^^° . Thus, any vector in some Vy gives rise to a non-zero if-equivariant 
homomorphism from Indp°(14/'')''|iy to U. Therefore, Us 7^ {0}. 

Step 4- Indp(W)° ®kUs surjects onto X . Let (f)Q G be a non-zero element which we identify 
with an element of the smoothly induced representation indp(y). Without loss of generality we 
may assume </>o(l) 7^ 0. Consider the P-morphism U : Ug ^ V given by 1— ?• </>(!). As (poi^) 7^ 
we deduce that the image of 11 is a non-zero subrepresentation of V, and is hence equal to V 
(because V was supposed to be irreducible). Therefore, for any v eV there is some (f) & Ug with 
= V. As C/s is a G-representation we find that for any g E G and any v e V there is some 
(f) & Us with (l){g) = V. Then, on a neighborhood N of 5, the map (j) is constant with value v on 
this neighborhood. Let C Go be a compact locally analytic subset such that G = S ■ P and 
hence Gq = S ■ Pq. (That is, every (7 G G is the product s • p with uniquely determined s £ S 
and p E P). Then there is a compact open subset S' C S and a compact open neighborhood of 
the identity P' C Pq such that S' ■ P' C N . Let f : Gq ^ W be a function whose support is 
contained in S' ■ Pq. Then the function S W ®k V, f{s) ® 4>{s), is equal to the function 
S (^kV, s f{s) (8) V. 

Let / G Indp(VF' be any element. / is uniquely determined by its restriction to S. 

As we have seen above, the set /(Go) is contained in a finite-dimensional vector space W' Vq 
with Vq CV. Let vi,. . . ,Vrhe a basis of Vq. Write f{s) = /i(s)<8)vi + . • ■ + fr{s)®Vr with locally 
analytic W^'-valued functions fi on S. Extend each function fi to G by fi{s-p) = p'{p~^){fi{s)), 
where p' is the representation of P on W'. Then fi G Indp(VF') for all i. In fact, examining the 
action of the differential operators in d shows that fi G Indp(M^' V)'^ for all i. For any s G S 
choose some (pi^s G U^ such that (t)i_g{x) = vi for all x in a compact open neighborhood Ni^g C S 
of s. As S is compact, finitely many of the Ni^g will cover S. We can then choose a (finite) 
disjoint refinement {Nij)j of the finite covering. Then we restrict fi to each of these Nij ■ P, 
and extend it by to (5 \ Nij) ■ P. Denote the function thus obtained by fij. Again, all fij 
lie in Indp(VF')^, and x >-> fij{x) ^i^s{i,j){'^) = fi,j{^) ® ^i) for a suitably chosen s{i,j) G S. 
Obviously, we have: / = fi,'j®4>i,s{i,j)- Indeed, by construction, both f\s and the restriction 
of the sum to S coincide. And both are functions in Indp(l^' ®k 1^)^; therefore, they are equal. 
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This shows that / can be written as a sum of "tensor products" of functions in Indp(VF')'' and 
functions in Us hence, the map Indp(H^')'' ®k Us lndp{W' ®k VY = X is surjective. □ 

Example 5.3. a) Let M be a finite-dimensional irreducible algebraic G-module, so that in the 
above theorem we may choose P = G. Then we deduce that J-q{M, V) = M®V is topologically 
irreducible for any smooth irreducible representation V of G. This result was already proved by 
D. Prasad [Prj . and our proof is modeled after his approach. 

b) Let M = U{g) (8)[/(p) W G ^lig be an irreducible generalized Verma module for some 
irreducible Lp-representation W. Then by Corollarv l8.6l the parabolic subalgebra p is maximal in 
the above sense. It follows that J-p{M) = Indp(VF') is topologically irreducible. This result was 
proved in [OS] for an arbitrary irreducible finite-dimensional locally analytic Lp-representation 
W. 

6. Composition series 

6.1. Before we formulate our main result in this section, we recall the definition of generalized 
Steinberg representations, cf. |BWj . |Caj . Let P be a standard parabolic subgroup of G and 
denote by Zp = indp(l) = G°°{G/P,K) the smooth induced representation of locally constant 
functions on G/P. The generalized Steinberg representation to P is the quotient 

v3 = ip/ E 'Q- 

PgQcG 

This is an irreducible G-representation and all irreducible subquotients of ip are of the form Vq 
with P C Q. Each such representation occurs with multiplicity one, cf. loc.cit. 

6.2. How to obtain a composition series for J^p{M, V). We are going to describe a method for 
finding a composition series of the representation J-p{M,V). Let M be an object of O^j^ and 
V an object of Rep|^'"(Lp) of finite length. Let = Vq £ Vi c; . . . C I^- = 1/ be a composition 
series of smooth Lp-representations for V. By the exactness of J-p in the second argument, cf. 
Prop. 14. 6t we get a chain of inclusions 

= -Fp (M, Vo) C T^{M, Fi) C . . . C T^{M, Vr) = T^{M, V) . 

Further the quotient J"|?(M, Vi+i)/J^^{M, Vi) is isomorphic to T^iM, Vi+i/Vi). We may hence 
assume that V is irreducible. 

Let M be an object of the category O^ig' Then it has a Jordan-Holder series 

M = ^ ^ M'^ ^ ... ^ AF ^ Af^'+i = (0) 

in the same category. Thus we may apply our functor Tp to the pair (M, V). We get a sequence 
of surjections 
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T^{M, V) = T^{M\ V) ^ J^{M\V) ^ T'^{M\ V) ^ . . /-^ ^F(M^ V) ^ (0) . 
For any integer i with < i < r, we put 

qi := Pi o pi-i o • • • o o po • 

and 

P := keriqi) 

which is a closed subrepresentation of J-p{M, V). We obtain a filtration 
(6.2.1) J--^ = (0) C 7-° C • • • C cr = J^{M, V) 

by closed subspaces with 

Let Qi = Li-Ui D P he the standard parabolic subgroup which is maximal with the property 
that M7M^+i is an object of O^jg. Then 

Then we can choose a Jordan-Holder series for ^^^./^ np(^) obtain a Jordan-Holder series 

for 

By refining the filtration (|6.2.ip we get thus a Jordan-Holder series of J-p{M). In case V is 
actually the trivial representation the irreducible subquotients of the smooth representation 
i^^.^.pp(l) are the generalized Steinberg representations Vp^ recalled above, and the irreducible 
subquotients of J|'(M, 1) = T^{M) are of the form J^g{M' /M'+^ ,v'^'). 

Remark 6.3. Independently of our work, B. Schraen determined the Jordan-Holder series 
for certain subquotients of parabolically induced locally analytic representations for the group 
GL3(Qp), including the locally analytic Steinberg representation. 
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7. Applications to equivariant vector bundles on Drinfeld's half space 

Let X be Drinfeld's half space of dimension d > 1 over K. This is a rigid-analytic variety 
over K given by the complement of all X-rational hyperplanes in projective space P^, i.e., 

There is natural action of G = GLrf+i(i^) on X induced by the algebraic action m : GxP^ — > 
of G = GL^_,_x/_ft: defined by 

9 -[qo ■■■■■■■ Qd] ■■= m{g, [q^ : ■ ■ ■ : qd]) := [q^ : ■ ■ ■ : qd\g'^ ■ 

It is known that A' is a Stein space. Moreover, for every homogeneous vector bundle J- on P^ 
the space of sections = H^{X^F) has the structure of a iC-Frechet space equipped with a 

continuous G-action. Its topological dual J^[Xy is a locally analytic G-representation, cf. |ST1) . 

In [0] one of us studied the structure of T{X) for homogeneous vector bundles /" on P^. 
The theorem below generalizes the result of Schneider and Teitelbaum [ST3] for the canonical 
bundle T = Q'^ resp. Pohlkamp |Poj for the structure sheaf J- = O. 

Theorem 7.1. Let T be a homogeneous vector bundle on P^. There is a G- equivariant filtration 
by closed K-subspaces of T{X) 

(7.1.2) T{X) = T{Xf D T{X)^ D • • • D T{Xy-^ D HX)"^ = /7°(P'^,^), 

such that for j = 0, . . . , d — 1, there are extensions of locally analytic G -representations 

(7.1.3) ^ ^^^^.^^^^^ ^^^(i7^-^-(Pl,7-)') ^ {T{Xy/nxy+'y ^ lnd^'^^^_^^{U'^p ^ 0. 

Here, for a decomposition (ni, . . . , Ug) of d+ 1, the symbol P(ni,...,ns) denotes the correspond- 
ing lower standard parabolic subgroup ofG. The module t;^ {H'^-^ {¥j^ , Tf) IS a gen- 
eralized Steinberg representation with coefficients in the finite-dimensional algebraic G-module 
H^-^{¥j^,Ty. 

The P(j+i^rf_j)-representation [7j is a tensor product Nj (g) %'^^j'^~^jnB °^ algebraic represen- 
tation N'j and the Steinberg representation 'yL|^^^'^~^jnB Levi factor L(^j^i^d-j)- The first 
one is characterized by the property that it generates the kernel H'^y^' (Wj^, T) of the natural 
homomorphism 

as a module with respect to C/(g). Here P-J^ = y(Xj_|_i, . . . ^X^) is the linear subvariety of P^ 
defined by the vanishing of the coordinates ^j+i, . . . ^X^- The module 5j is just the kernel of 
the induced surjection [/(g) ®c/(P(,+i,,_,)) X'- ^ i?^"^' (P^ , ^) . 
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In the case where T arises from an irreducible representation of the Levi subgroup we 
could make our result more precise, i.e., concerning the structure of Nj. Rather than recalling 
this result in full generality, we restrict our attention from now on to homogeneous line bundles 
on P^, where we will get even a more precise formula, cf. Proposition 17.51 

Let s G Z and denote by A' = (s, . . . , s) G Z'^ the constant integral weight of GL^^. Let 
r = Ao € Z and set 

A := (r,s,...,s) G 

We denote by C,\ the homogeneous line bundle on P^ such that its fibre in the base point is the 
irreducible algebraic (^^-representation corresponding to A. Then we obtain 

(7.L4) £a = 0(r - s) 

where the G-linearization is given by the tensor product of the natural one on 0{r — s) with the 
character det*. 

Put Wj := Sj ■ ■ ■ si, where Si (z W is the (standard) simple reflection in the Weyl group 
W ~ Sd+i of G. Recah that ■ denotes the dot action of W on X* (T)q. If x = ixo, ■ ■ ■ ,Xd) G ^'^'^^ 
we get 

• X = (Xi - 1, X2 - 1, . . . , - 1, Xo + Xi+i, ■■■,Xd) ■ 
Hence for x = A = (r, s, . . . , s), we compute 

wq ■ X = A 

wi ■ X = {s - l,r + l,s, . . . ,s) 

Wi ■ X = (s — 1, s — 1, . . . , s — 1, r + i, s, . . . , s) 

Wd • X = {s — 1, s — 1, . . . , s — l,r + d) . 

In particular, there is at most one integer < i < d, such that • A is dominant with respect 
to the Borel subgroup of upper triangular matrices. In fact, this integer is characterized by 
the non-vanishing of Wif"^, C\), cf. |Bol Theorem IV'] , resp. [Hal Theorem II. 5.1]. Further 
one has «o = for r > s and io = d for s > r + d + 1. We denote this integer by io if it 
exists. Otherwise, there is a unique integer iq < d with Wi^ ■ X = tfjo+i • A. This is the case for 
< io = s - r - 1 < d + 1. We get 

(7.1.5) Wi ■ X>- Wi+i ■ X 
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for all i > io (resp. i > iq ii Wi^ • A = ifjo+i • A), and 
(7.1.6) Wi ■ X ^ Wi+i ■ A 

for all i < if), with respect to the dominance order y on X*(T)q. We put 



Wi-i - A : i < io 
Wi ■ X : i > io 



This is a L(i d-i+i)-dominant weight (with respect to the Borel subgroup L^j d-i+i) n B"*"). 
Let Vi^x be the finite-dimensional irreducible L(j (j_i+i)-module with highest weight fii^x- Let 
P(id-i+i) upper triangular parabolic subgroup to the decomposition {i,d + 1 — i) and 

denote by U^^_j_|_j^^ its unipotent radical. By considering the trivial action of U^^_j_|_j^^ on 
Vi^x, we may view it as a ^_j_|_-^^-module. 

In the following we identify the linear subvarieties IP^*, < i < d, with the closed subschemes 
V{Xo, ■ ■ ■ C defined by the vanishing of the first i coordinate functions. Note that 

the stabilizer of this subvariety in G is just P(i(j+i-i)-@ loc.cit. we saw that we can realize 
Vi^x as a submodule of Hl^a_i{Fj^, Cx)- In fact, there is an action of x U{g) on 

if*jj_i(P^, £a)- The one of g is induced by the homogeneous line bundle. The second one is 
induced by functoriality since it is the stabilizer of P^*. 

Proposition 7.2. For I < i < d, the P(id-i+i) ^ U{g)-module H'^a~i{F"^, Cx) coincides with 
the module ® ko,....k,_,<o K ■ Xl^"X^' ■ ■ ■ ■ Vi^x- 

Proof. This was proved in loc.cit. Proposition 1.4.2. □ 
From this latter statement we deduce immediately the following corollary. 

p+ 

Corollary 7.3. For 1 < i < d, the U{g)-module H\,{¥%,Cx) Has in the category C'±'''""+'' . 

Remark 7.4. It is well-known that the above objects lie in O, although, mostly the case of 
the full flag variety is considered, cf. e.g. |Kuj . [AL] . Indeed this can be seen by using the 
Grothendieck-Cousin complex which was used in loc.cit. to compute i?*rf_i(P^, Here all 
contributions of this complex are objects in O. Hence the cohomology of this complex which 
computes Hl^^_i{¥'^, Cx) lies in O, as well. 

Recall that we denote for a character // € X*(T) by L{^) the irreducible highest weight 
U (0)-module of weight ^. 



We note that for formulating Theorem 17.11 we have used in loc.cit. the identification of Pj^' with 
. . . , Xfj). Therefore the standard parabolic subgroups used there are lower (block) triangular. Af- 
terwards, we used the conjugacy of V{Xq, . . . and V {Xd-i+i, ■ ■ ■ ,Xd) within P^ via the action of G on 
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Proposition 7.5. For 1 < i < d, the ^ U{Q)-module H^^^iiFj^, Cx) is isomorphic to 

Proof. In order to show the statement it suffices to check the fohowing conditions. 

1) -ff*d_i(P^, /^a) is a highest weight module of weight fii^x. 

2) H;,_,(F'j^,Cx) is irreducible. 

Because of identity (j7.1.4p it suffices to check the conditions in the case where s = 0. Then 
Cx = 0{r) is the r-th Serre twist with its natural G- linearization. All cohomology groups are 
iC-subspaces of ®ko,...,kaez^ ' ^o°^i^ ■ ■ ■ ^d^"- ^ere the action of is given as follows. For a 
root a = aij = — ej G let 

La '■= £ 9a 

be the standard generator of the weight space in 0- Then the action of g is determined by 

(7.5.0) L(,,) . . . . x'/ = kr^- x'^^xl^ ■ ■ ■ X'/ 

and 

t ■ Xl'X\^ ■ ■ ■ X'/ = ( k,t,) ■ ■ ■ ■ X'/ for t = (to, • • • , td) G t. 

We prove statements 1) and 2) case by case. 

a) Case r > 0. Then fn^x = Wi ■ X and 

V,,x = • X,'X^^ . . . Xr\x^ • • • X'/ . 

fei,...,fc^>0 
fc^H hkf^ — r + i 

Further Vi^x = Xq^X^^ ■ ■ ■ X~\Xl^'^ is a maximal vector in H\_i{Fj^, Cx) of weight fii^x- 

It is easy to see by formula ()7.5.0p that Vi^x generates Hl^^_i{¥j^, Cx) as f7(0)-module, so 
condition 1) is satisfied. For condition 2), let N C H\i(Pj^, Cx) be a submodule, / (0). 

Then N lies in the category O as a submodule, hence t acts semi- simply. Let X^^x'^' • • • e 
N, where kQ, . . . ki^i < 0, fcj . . . , /c^ > and Yl'j=o kj = f- Then by repeatedly multiplication 
with with < A: < i — 1 and I > i,we can achieve that - up to scalar - ko = ■ ■ ■ = ki-i = — 1. 
By further multiplying with -^^(fc^i) where k = i and I > i + 1, . . . ,d, we see that Vi^x £ X. Thus 
N = Hy,{Fj„Cx). 

b) Case r < —d — 1. Then ^i^x = Wi-i ■ A and 

^*,A= K-X^^^X\'---Xt\'. 

ko,...,ki_^<0 
fcflH f-fei_i='- 

Further X^^X^"^ ■ ■ • X~^2^i'-^i~^ is a maximal vector in ^.^(P^j^Ca) of weight ^i^x- 

It is easy to see by formula (17.5. Op that Vi^x generates iJ*^_,(P^, /3a) as [/(0)-module, so 
condition 1) is satisfied. For condition 2), let N C W .^iW"^, Cx) be a submodule, ^ (0). Let 
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XgOXfi • • • X^'' G N, where fco, • • • h-i < 0, ki . . . , A;^ > and X;j=o % = ^- Then by repeatedly 
multiphcation with ^(A;,/) with < A; < z — 1 and I > i, we can achieve that - up to scalar - 
ki = ■ ■ ■ = kd = 0. By further multiplying with where k < i — 1 and Z = i — 1, we see that 

t;,,AGA^. Thus iV = (P^, A). 

c) Case > r > — d — 1. Then for z < io = s — r — 1 x = wi-^i ■ A and 

fcO>-'-.'=i-l<0 
feflH l-fei-l='- 

Further X^^X^^ ■ ■ ■ X^^^l^i^^ is a maximal vector in W Cx) of weight /Uj^A- 

For i > io = s — r — 1, we have //j^A = • A and 

fco>-'-.fci-i<o 

fcoH l-fei_l='- 

Further X^^X^^ ■ ■ ■ Xr^^Xl^l'^ is a highest weight vector in W.^(Fj^, Cx) of weight Hi^x- 
Here the reasoning is a mixture of the previous cases. □ 



Now we translate the above result for the computation of i7*j_i(P^, J^) where * is iden- 
tified with the closed subscheme Vi = V{Xd-i-\-i, ■ ■ ■ , X^) of P^. Consider the block matrix 

where Ij G Ghj{K) denotes the j x j-identity matrix. Then V{Xq, . . . Xi^i) is transformed into 
V(X^_i^i, . . . , Xd) under the action of Zi on P^. We have 

(7-5.0) Zi ■ P(d-i+i,i) • = P Jd+i-i) 

and on the Levi subgroups the conjugacy map is given by 





' A 


^ 




' B 










)-( 








. 











Hence the P(d-i+i,i) x ?7(g)-module Wy^{¥j^,T), is given by H^^_i(f"j^,J-) twisted with the 
action of Zi. In particular, we can choose Vi^x - equipped with its action of P(d-i+i,i) via the 
isomorphism (j7.5.0p - to be the representation N^-i of Theorem 17.11 Its highest weight is 

Corollary 7.6. If J- = Cx is a line bundle then the outer contributions in j 7. i . 5| ) are topologi- 
cally irreducible. Consequently, \7.1.2 ) is a "essentially^ Jordan-Holder series of H^{X , Cx)- 



By refining the filtration in tlie naive way we get a Jordan-Holder series. 
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Proof. By Theorem 15.21 all contributions of the right hand side in the extensions (|7.1.3p are 
topologically irreducible since the standard parabolic subgroups are (proper) maximal and the 
modules L{ni^\) do not lie in (since they are not finite-dimensional). On the other hand, for 
the line bundle C\, we compute 



so V 



G 



^ [H'^ ■' (P^, J-")') vanishes or coincides with Vp ^ ^ {K) - the generalized Stein- 



K for r — s > and io = 
K for r — s < —d — 1 and io 
(0) otherwise 

G 



berg representation - which is irreducible. 



□ 



8. Appendix: some properties of highest weight modules in O 
This section is about relations in a simple C/(0)-module M of the form 



where the elements y-y, y^. G Q-Hi are part of a Chevalley basis, v'^ is a highest weight vector, 
and the coefficients Cy are in K. We assume that standard parabolic subalgebra p = p/ is 
maximal for M, and that 7 € \ <I>^. Our aim is to show that there is at least one v with 
\cy\ > 1. This, of course, implies that acts injectively on M (which is the case when all c^, 
vanish). This is, as was kindly pointed out to us by V. Mazorchuk, already shown in [DMPl 
3.6]. Our proof is completely different from the proof given in |DMP] . but the basic strategy 
extends to the more general problem considered here (where the Cu are arbitrary) @ 

We begin with a standard commutator relation valid in any associative unital algebra A. 
For elements x,z ^ A and i G Z>o define inductively [2;*^*\z] by [x^'^),^] = z and [x^*^"'^^ = 
[x, [xW , z\] = x[x(*) , z] — [x(*) , z\x. 



Lemma 8.1. Let x, zi, . . . , Zn G A. For all k G Z>o one has 



ii+...+i„+l=k 



where, as usual, 



We still have some conditions on the residue characteristic of K. However, we hope to remove these restrictions 
in a later version. 
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Similarly, 




Proof. This is straightforwardly proved by induction. □ 
Lemma 8.2. Let x € g, let M be a U{g) -module and v € M. 

a) Ifx acts locally finite onv (i.e., the K -vector space generated by{x^.v)i>o is finite- dimensional), 
then X acts locally finite on U{q).v. 

b) If x.v = and [x, [x,y]] = for some y G g, then 

x^y'^.v = n! • 

Proof, a) It suffices to show that x acts locahy finite on any element of the form zi . . . Zn.v 
(for arbitrary n and arbitrary elements zi,...,Zn € g). Any element of U{q) of the form 
zi] • . . . • [x^*"), Zn] is contained in g • . . . • g, and g • . . . • g is a finite-dimensional i^-subspace 
of U{q). As the elements x*.f, i > 0, are all contained in a finite-dimensional vector space, 
it follows from the formula in Lemma 18.11 all elements x"^ ■ zi . . . Zn.v are contained in a finite- 
dimensional ivT-vector space. 

b) In the formula of Lemma |8. II we let = y, 1 < i < n, and get that the term 

vanishes as soon as in+i > or some ij > 1 for 1 < j < n. Therefore, the only non-zero term 
corresponds to {ii, . . . , in+i) = (l, • • • , 0). □ 

Lemma 8.3. Write 7 € as 7 = a + /3 with a € A and /3 E Suppose that if3 — ja is in 
for some i,j£ Z>o- 

a) Then [if3 — ja) — 7 = {i — — (j + 1)q is either a positive root or not m <^ U {0}. Therefore: 
either [fli/j-ja, 0-7] is equal to a root space g^ with x = — j'cn G for some i',j' G Z>o or 
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b) Moreover, — ja) — a = i/3 — (j + l)a is either a positive root or not in {0}. Therefore: 
either [0i/3-jaj 0-a] is equal to a root space g-^ with x = i'P — j'ct € for some i',j' € Z>o or 

[dijS-ja, 9-a] = 0. 

c) Let M be a U{g)-module and v E M be annihilated by u. Let x E and y G 0_-y. Then, for 
any sequence of non-negative integers ii,. . . ,in we have 

[x^''\y]- ...■[x^'''\y].v = 

if there is at least one ij > 1. 

Proof. Assertions a) and b) follow from the fact that /3 is not a multiple of a (the root system 
$ is reduced), and P must then contain a simple root a' ^ a, i.e. (3 — a' E YlreA '^>ot- 

c) We may clearly assume that ii > 1 and that all ij € {0, 1} for j > 1. We will show by 
induction over k that [x^^^\y] ■ ... • [x^^"-\y] is contained in 

/ 

i > 0,j > 
y iP — ja G 

The assertion then follows if we take k = n + 1. To begin with, notice that [x^'i^y] is in 
fljj/3_-y = 0(ii-i)/3-a5 S'lid as ii — 1 > this space is either zero or a root space with x S 
The assertion is hence true for k = 2. Now consider z € Qii3-ja with if3—ja G <!>"'" and the product 
z[x^^''\y]. Because we assume ik G {0, 1} we have [x^'^''\y] = y G 0--y or [x^'^''\y] = [x,y] G 0-a- 

i) If Zfe = then [x^''''\y] = y E Q-j and z[x^'^''\y] = zy = [z, y] + yz. If i^ — ja — j = {i — 
1)^ — (j + l)Q; is a positive root, we are done, because then [z, y] is in Qi'a-j'p with i'a—fP G 
Otherwise, by a), ip — ja — j is not in $ U {0}, and then [z, y] = 0. 

ii) If ifc = 1 then = [x,y] G 0_a and z[x^'^''\y] = z[x,y] = [z,[x,y]] + [x,y]z. If 
iP — ja — a = ip — {j + l)a is a positive root, we are done, because then [z, [x, y]] is in Qi'a-j'p 
with i'a — j'P G Otherwise, by b), ip — ja — a is not in $ U {0}, and then [z, [x, y]] = 0. 
□ 

Proposition 8.4. Let p = p/ for some / C A. Suppose M E O'^ is a highest weight module 
with weight A and I is maximal with respect to \, i.e. 



[x^''^\y]-...-[x^'-\y] 
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/ = {a € A [ {X,a') € Z>o} . 
Then no non-zero element of Up acts locally finite on M . 

Proof. Let be a weight vector with weight A. Let y € U|7 be a non-zero element which acts 
locally finite on M. Write y = y^ with elements y^ G g_^. Let A = {ai, . . . , a^} and 

define on Zai © ... © Za^ the lexicographic ordering: Yli=i ''^i'^i ^ X^i=i i^'i'^i if and only if there 
is > 1 such that Ui > n[ ioi 1 < i < k and n^+i > JT-fc+i- Put S = {7 G \ | / 0} 
(this set is non-empty) and choose 7''' G i? to be maximal among the elements in B (for the 
lexicographic ordering just defined). Write 

l<il,...,in<s 

where = {71, . . . ,7s}- Using the total ordering just introduced it is easily seen that 

among the elements y^-^ •. . . y^.^ .V^ only y"+.w"*" can have weight A — 71,7+. But as all y^-v^, i > 0, 
are contained in a finite-dimensional subspace, we must have y'^+-v^ = for some n G Z>o. It 
follows from Lemma 18.21 that y^+ acts then locally finite on M. 

We can therefore assume that y = y^ G 0-7 \ {0} is a root element with 7 G \ 
Write 7 = X^agA'^a'^ (with non-negative integers Cq,). We show by induction on the height of 
7, ht{^) = l^Q.gA'^a' ^^^^ 2/7 can not act locally finite. By Lemma [8.21 this is equivalent to 
the statement that y^.f"^ 7^ for all positive integers n. If ht{'^) = 1, then 7 is an element 
of A \ I. Rescaling y^ we can choose G 07 such that [x7,y7] = /17 and [/i7,a;^] = 2X7 and 
[/i^,y^] = — 2y^. A well-known formula (which is easy to prove by induction) gives 

n— 1 n— 1 

1=0 i=0 

As / is supposed to be maximal with respect to A, it follows that (A, 7^) ^ Z>o and the term 
on the right of (|8.4.1|) does not vanish (for any n). 

Now suppose /it(7) > 1. Then we can write 7 = a + /? with a G A and (3 G . Clearly, not 
both a and /? can be contained in $/. We distinguish two cases. 

i) Suppose /? — a is not in As /3 7^ a (the root system $ is reduced) we have [0«,0_/3] = 
[0-«,0^] = {0}. Then, if a ^ I, we let be a non-zero element of Qp and have by Lemma l8.2t 
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But as [xi3,y^] is a non-zero element of Q-a we can conclude by induction. If, on the other hand, 
a £ I, then /3 ^ and if we let Xq be a non-zero element of Qa and have by Lemma [ 



And as [xa, y-y] is a non-zero element of we can again conclude by induction. 

ii) Suppose /3 — a is in Then it must be in and we have 7 — fca € for < < /cq 
(with fco < 3), and j — ka^ <5U{0} for k > k^. This implies [x^^y-y] = for i > /cq- By Lemma 
18.11 we have 

xf^y-^.v^ = J2 (■ ) [^"'^^7] • • • • • [xt\y,V"^'-v^ 

ii +...+?.„+! =nfeo 

and as x annihilates this reduces to 



il+...+i„=rafco 

By what we have just observed, the corresponding term vanishes if there is one ij > k^. There- 
fore, only the term with all ij = k^ contributes, and this sum is hence equal to 



If 7 — /cqo is not in we are done, because [xo'^^'^y^] is a non-zero element of Q_(^_}^^a)- 
Otherwise we necessarily have a ^ I. In this case, if we choose some X/3 € 0/3 \ {0}, we have by 
Lemma 18.21 and Lemma 18.31 



x;^?/!;.'t;+ =n\[xp,y^Y'.v-^ , 
and [xp^y-y] is a non-zero element of 0-a. And we can thus conclude again. □ 

Corollary 8.5. Let p = p/ for some I C A. Suppose M £ is a simple module with weight 
A and I is maximal with respect to X, i.e. 

/ = {aeA| (A,a^) G Z>o} . 
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Then the action of any non-zero element of Up on M is infective. 



Proof. By Lemma 18.21 a), the set of elements t> E M on which f G U)7 \ {0} acts locally finite 
is a ?7(g)-submodule. Clearly N contains ker(M M). Because M is assumed to be simple, 
and as j: is not acting locally finite on M by Proposition 18. 4( this submodule must be the zero. 
□ 

Corollary 8.6. Let M & O be a highest weight module. Then the set of elements in q which 
act locally finite on M is a standard parabolic Lie subalgebra of q. If M has highest weight X, 
then this standard parabolic subalgebra is pj where 

I = {a£A \ {X,a^) G Z>o} . 



Proof. So suppose M has weight A. Let be a weight vector with weight A and define / as 
above. Then A is in and M is in C"^ with p = p/, cf. |HH Theorem in sec. 9.4]. Suppose 
z G 3 \ p acts locally finite on M. Then there is n G Z>o and ci, . . . ,Cn € K such that 

(8.6.2) + ciz""\v+ + . . . + c„_iz.«+ + c„.u+ = . 



Write z = x + Y^^^^+\^^^ y^ with elements y^ G g-^y. As z ^ p there is at least one 7 G $^\$7 
with y^ ^ 0. Let A = {ai, . . . , a^} and define on "Lai x . . . x Za^ the lexicographic ordering: 
X]i=i ^iCK* — X]i=i ''^'i'^i if ^'^d only if there is /c > 1 such that Ui > n'- for 1 < i < k and 
nfc+i > n'|,_^_l. Put i? = {7 G \ y-y ^ 0} (this set is non-empty) and choose f3 € B to 

be maximal among the elements in B for the lexicographic ordering just defined. By expanding 

as a sum of products of x's and y^'s it is then easily seen that only y^.V^ can have weight 
A — n/3. From equation (j8.6.2p we deduce that y'^.v'^ = 0. This however contradicts Proposition 
efnotlocnilp . □ 

8.7. On certain relations in highest weight modules. Let M be a highest weight module in the 
category C^, and assume that p is maximal among all standard parabolic subalgebras q with 
the property that M is an object of C^. Denote by u"*" a vector of highest weight A. In this 
section we consider relations 

n + \ ^ Vl Vr + 
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where consists of all tuples v = {ui, . . . G ^>o satisfying vij3i + . . . + Vrf^r = "-7, and Cy 
are coefficients in K. Our aim is to show that there is at least one G Z„ having both of the 
following properties: 

i. ui + . . . + Vr >n , 

ii. \cu\k > 1 • 

We start by showing the existence of some v with the second property. 



Lemma 8.8. Let M and p be as above (8.1). Suppose the residue characteristic of K does not 
divide any of the non-zero numbers among {/3, a^), a, /3 G <I>, a ^ f3. Write = . . . , /3j,}, 
and let 7 G \ <I>^. Let {xp,yp,ha \ /3 G <I>+,a G A) 6e a Chevalley basis of [q,q\, as in the 
proof of Thm. 15. Denote by I„ the set of all v G Z>q such that z/i/3i + . . . + ly^/^r = n'j. Then, 
for any n G Z>o and any expression 



(where yi = yp., i = 1, . . . ,r) there is at least one index v such that \ciy\K > 1. 



Proof. We start by recalling that for any i > and /3 G the endomorphism of g: 



i[x«,.] = ^ad(x,r 



preserves the Z-form gz of g, cf. [Chj . |Kosj . We put go^ = Qz Ol- Moreover, whenever we 
have two positive roots /3,/3' such that /3 + /?' is a root, then [yp'^yp] = ±(m + 1)?/^/+^, where 
m is the greatest integer such that /? — m/3' is a root, cf. [Chj. 



The proof proceeds by induction over ht{'~f). Suppose ht{'~f) = 1 and let Pi = 7. Then the set 
Xn consists of a single element ly which is the r-tuple that has the entry n in the i^^ place and 
zeros elsewhere. The right hand side of (|8.8.ip is thus Cyy^.v^ . By Cor. I8.5l the element acts 
injectively on M, and we therefore get Cp = 1. 

Now we assume that /it(7) > 1. Write 7 = a + /3 with a simple root a G A and a positive 
root (3. Clearly, not both a and /3 can be contained in We distinguish two cases. 

i) Suppose /3 — a is not in <I>. As /3 / a (the root system <^ is reduced) we have [ga,g_/3] = 
[S-aiB/?] = {0}. Then, if a ^ /, we consider xp, the element of the Chevalley basis which 
generates (gz)/?. We have by Lemma W?2\ 
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We have = ±[yQ,2/_a], and therefore 



±[2^/3,2/7] = [xpAVa^yp]] = -[yaAyii^xi3\]-[yi},[xf},ya\] = -[ya,-hi3\ = -[hf},ya\ = -{a,f3'^)ya^ 
Hence 

x^<.z;+ = n!(-(a,/3^)ryS.^+. 

As [0/3,07] = 9~a the element is non-zero. Thus {a^fi^) 7^ 0. And because the residue 

characteristic of K does not divide the non-zero integer {a, (3^), this integer is invertible in Ok- 

On the other hand, we have 

x^z.v^ = ad(x/3)"(z).^;+ = ^ c,^d{x {y^^ y^/).v+ . 

But as ad(x/3)"'(yj'^ • . . . • y^^) is in n\U{Qoj^) we find that x^.z.u^ is of the form 

nl ^ • . . . • yr"-v^ , 

where 1'^ consists of ah r € Z>q such that ri/3i + . . . + r^/S^ = na = n(7 — /3), and the numbers 
c'^ are hnear combinations with integral coefficients. We therefore get 

The induction hypothesis shows that at least one of the coefficients c'^ must be of absolute value 
at least 1, and this implies that at least one of the coefficients is of absolute value at least 1. 

Now we consider the case in which a £ I. Then /3 ^ If we let Xa be the member of the 
Chevalley basis which generates g^, we get by Lemma [ 



n n 4- I r in + 

XaVyV = n\[Xa,y-y\ .f • 

And as [xq,,?/^] = cy^ with \c\k = 1 (cf. the reasoning above), we can again conclude by 
induction. 
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ii) Suppose /3 — a is in <I>. Then it must be in and we have 7 — A;a G <I>^ for < k < ko 
(with A:o < 3), and 'y — ka^ $U{0} for k > kg. This imphes [xa\y'y] = for i > /cq- By Lemma 
8.11 we have 



ji+...+i„+i=nA;o 

and as x annihilates this reduces to 



\ll . . . Ijl ' 

«l+...+«„=nfeo 



By what we have just observed, the corresponding term vanishes if there is one ij > k^. There- 
fore, only the term with all ij = k^ contributes, and this sum is hence equal to 



Note that \x^a°\y--f\ = k^l- c - y^-k^a with an integer c which is a unit in Ok@- We conclude that 

xf°y:;.v+ = (n/co)! • • y^_fcoa ■ 

If 7 — k^a is not in $7 we are done. Otherwise we necessarily have a ^ I. In this case we have 
by Lemma 18.21 and Lemma 18.31 

and [xp^y~f] = cya with an integer c which is a unit in Ok- And we can thus conclude again. 

□ 

Lemma 8.9. Let ^ be a root system which has the property that none of its irreducible com- 
ponents is of type G2. Let <!>+ = {(3i,... ,/3r} be its positive roots (with respect to some fixed 
chosen basis of simple roots), and let 7 G Consider a relation 

(8.9.1) n-y = + . . . + i^rPr 

with non-negative integers n, i/i, . . . , € Z>o. Then n < vi + . . . + 



^this must be checked by an explicit calculation 
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Proof. Of course, we may assume that $ is irreducible and that n is positive (there is nothing 
to show when n = 0). It is known that for irreducible reduced roots systems other than G2 the 
square of the ratio between the lengths of any two roots j3, 7 is among 1, 2}. Root systems 
of type A, D, E (so-called simply laced root systems) have the property that its roots are all of 
equal length, whereas for root systems of type B, C, and F4 the ratio can also be ^ or 2. The 
relations 

(/3,7) = 2^ = 2Mcos(e) and {f3,j){j,(3) = 4cos{9f 
(7)7) II7II 

show that if Jfjp e {i,l,2} then (/3,7) < 2, i.e., (/3,7) < (7,7), cf. [El 9.4]. Taking the scalar 
product of both sides of (|8.9.1|) with 7 and dividing by (7, 7) we get 

(/3i,7) , ^ (/3r,7) ^ ^ ^ 

n = Vi- + . . . + Vr-, r < fl + ■ ■ ■ + Vr ■ 

(7,7) (7,7) 

And this is what we asserted. □ 

Now we generalize the preceding lemma so as to assure the existence of some v satisfying 
both conditions i. and ii. of[ 



Proposition 8.10. Let M and p he as above l8.'T\j . Suppose the residue characteristic of K 
does not divide any of the non-zero numbers among (/3,a^), a,/3 G a / /3. Write = 
{/?!, . . . , Pr}, and let 7 G \ . Let {xp^yji, /iq, | /? € a S A) 6e a Chevalley basis of [g, g], 
as in the proof of Thm. \5.1[ Denote by In the set of all v G Z>q such that + . . .^Vrf^r = ^^7- 
Then, for any n G Z>o and any expression 

(8.10.1) y!;.t;+= c,y\^ ■ . . . ■ y^/ .v+ , 

V&Xn 



(where yi = yp^, i = 1, . . . ,r) there is at least one index u € In such that z^i + . . . + f ^ > n and 
\cu\k > 1- 



Proof. The basic idea of the proof is as follows. There is nothing to show if ht{'j) = 1. Now 
suppose that /it (7) > 1. Then there is 7' G and G Z>o such that 7 — G \ and 

• = n\[x[','\y,r.v+ = nl ■ a ■ {y,-k,,'T -v^ , 

with c G O^. Considering the right hand side of (jS.lO.ip . WG clim to show that for a.ny u G 1'n 
with ui -\- . . . -\- < fi the term 
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.10.2) x'l^'-yl^-...-y''/.v- 



m 



U0.3) . Yl ""-yi ■ ■ ■ ■■ yr -^^ = E • <° • yr • • • • • y^-^' 



vanishes. This means that the sum on the right hand side of the equation above (|8.1U.3p is equal 
to 



^.10.4) Cu-x;'^°-y'('-...-y';^.v+ , 



where Jn C I„ consists only of those G X„ for which vi + . . . + > n. We can then rewrite 

mjn^ as 

Y^r-Vl^ ■ ■■■■ Vr'-V^ : 

where consists of all r G Z>q such that ri/3i + . . . + t,./?,. = n(7 — /co7')> ™d the numbers 
c'^ are linear combinations with integral coefficients of the numbers Cu, with v ^ Jn- Applying 
Lemma 18.81 we find that there is r G such that \c'^\k ^ 1. Hence there is at least one v ^ Jn 
such that \cv\k > 1. Thus proving our assertion. 

We need to show that the term ()8.10.2p actually vanishes if i^i + . . . + < n. 

Suppose <5 is G2. Let A = {a,/3} with a being the short and /3 being the long root. We let 

/3i = a , /32 = /3 , /33 = a + /3 , /34 = 2a + /3 , /^s = 3a + /3 , = 3a + 2/3 . 
Consider the equation n7 = i^i/3i + . . . + i^e/^e, i.e., 

(8.10.5) n7 = i/ia + i/2/3 + i^3(a + /?) + i^4(2a + /3) + z^5(3a + /3) + z^6(3a + 2/3) 



We consider all possible cases for 7 and /. 



54 



SASCHA ORLIK AND MATTHIAS STRAUCH 



Case when ^ = a or = p. There is nothing to show in this case, as we can write a multiple 
of a simple root in one and only one way as a sum of positive roots. 

Case when 7 = /Ss or 7 = /Jg- Comparing the coefficients of a, the equation (I8.10.5p implies 
in this case 

3n = z^i + 1/3 + 2z^4 + 81/5 + 3^6 . 

On the other hand, assuming i/i + . . . + f g < n we get that 3z^i + . . . + 3^6 < z^i + 1^3 + 21/4 + 
3z^5 + 2>vq which implies 2ui + 3z/2 + 2z/3 + z/4 < which is impossible. It remains to discuss the 
cases when 7 = a + /3 or 7 = 2a + /?. 

Case when 7 = a + /3. In this case equation (j8.10.5p implies 

n = 1^1 + f3 + 21/4 + 3i^5 + 3^6 and n = 1/2 + v-i + + + 2vq 

Subtracting the equation on the right from the equation on the left and adding V2 on both 
sides gives 1^2 = I'l + I'A + 2f 5 + ■ 

a) Suppose / = {a}. Then we let 7' = a. Consider 

= En + ...+.s=n {^Z^>^^'^o.r^yl) " " " " " ad(x (^^ ) 

Moreover, 

(8.10.6) ad(x„r^(y;0= ^ L \d{x^f' {y,) ■ . . . ■ ^d{xat^ {y,) . 

Therefore, if /3j — a is not in <I> U {0}, the term (|8.10.6p vanishes if ij > 0. Hence 12 = = 0. 
Moreover, if ij > Vj, then there must be at least one fc^ > 2 in the formula ()8.10.6p . However, if 
j3j — 2a is not in $ U {0}, the term (18.10.6p vanishes then. So we get ^3 < z^3. Similarly we see 
that ii < 2vi. Now suppose n > i^i + . . . + z^g and consider the inequality 

n = ii + . . . + iQ > ui + . . . + uq = 2vi + + 2vi + + 2vq . 
Here we have used that 1^2 = i^i + t^a -\- 21^5 + fg- As 12 = ie = 0, 13 < and ii < 2vi we get 
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U + ^5 > (2;/i - h) + (z^3 - h) + 2z^4 + 3z^5 + 2uq > 21/4 + Su^ . 

This shows that either Z4 > 2z^4 or > 81^5. But in each of these cases the corresponding term 
ad{xa)^^{y'^'^) or ad(xQ)*^ (y^^) vanishes. This proves our assertion in this case. 

b) Suppose / = {/3}. Then we let 7' = /3. Consider 

= EH+...+..=n U:,, )ad(x^)Myr) • . . . • ad(x^)^«(y6^«).^;+ 

Moreover, 

(8.10.7) ad(x^r^(y;0= 5; '^'^ )ad(x^)^Hyi)-----ad(x^)S(y,) . 

Therefore, if /3j — /3 is not in <I>U{0}, the term ()8.10.7p vanishes if ij > 0. Hence = ^4 = ^5 = 0. 
Moreover, if ij > i/j, then there must be at least one fcj > 2 in the formula ()8.10.7p . However, 
if 13 j — 2/3 is not in $ U {0}, the term (18.10.7p vanishes then. So we get 13 < 1^3 and ig < i^e- 
Similarly we see that 12 < 2i/2- Assuming n > vi + . . . + i^q we get 

n = ii + . . . + iQ > ui + . . . + , 

and hence 

i2> 1^1 + 1^2 + (1^3 - ^3) + Z^4 + Z^5 + (z^6 - k) > 1^2 ■ 

The left hand side of (|8.10.7p . for j = 2, is of weight (^2 — i^2)/3, and ad(x_a)*2 (2/2^).^"*" is 
therefore or of weight A + (^2 — z^2)/3, which shows that it must vanish. Assuming, as we may, 
that we had ordered the positive roots such that /3 comes last (i.e., /3 = /3q instead of /3 = /32), 
we see that x'^ ■ y\^ ■ . . . ■ y^^ -v^ vanishes. 

Case when j = 2a + /3. In this case equation (18.10.5p implies 

(8.10.8) 2n = z^i + 1/3 + 2z^4 + 81^5 + 81/5 



(8.10.9) 



n = 1^2 + 1^3 + 1^4 + 1^5 + 2^6 
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We assume that n > z^i + z^2 + 1^3 + + t's + t'e- By (|8.10.9p . this imphes 

+ + + 1^5 + 2l^6 > J^l + 1^2 + + + 1^5 + 2^6 ) 

and therefore t'g > z^i. In particular, 

(8.10.10) z^6>0. 

Subtracting (jS.lO.Op from (jS.lO.Sp we get n = ui — i>2 + i^i + + fgj and using again our 
assumption that n > z^i + 1^2 + ^3 + ^^4 + ^^5 + ^^6 we find 

- ^2 + Vi + 2z^5 + l'%> Vl + V2 + ^2, + ^i + l^b + '^%^ 

or, equivalently, > 2v2 + v^- In particular 

(8.10.11) z^5>0. 



a) Suppose / = {a}. Then we let 7' = a. We arrange the positive roots in this order: 
/36 , /3i , /32 1 /33 , /34 , /35 , and write elements of U{u^) as sums of monomials of the form yg*^ • • . . . • 
2/5^. Consider 



^.10.12) = ad(x„)2"(yg-«.y;;^.....y5-^^ 



= En+...+.e=2n (n'"e)^d(x,)*«(y6^) ' ad(x,)^^(yr) • . . . • ^d{x^r{yl^).v+ 

Moreover, 

(8.10.13) ad(x«)^^(y7)= (, '\ ) ad(x„)'=Hy,) • • • • • ad(x j'^:^ (y,) . 



ki + ...+k^ =i 
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Since a,d{xa){y6) = 0, it follows from ()8.10.13p that we only need to consider tuples (zi, ■ ■ ■ ,15) 
for which = 0. For those tuples we have 2n = ii +^2 + ^3 + ^4 + ^5- On the other hand, (jS.lO.Sp 
implies 

(8.10.14) + + 2u4 + 3z^5 = 2n - Suq < 2n , 

because z^e > (cf. (I8.10.10p ). Now consider the term 

in the third line of (I8.10.12p . It has weight 

{ii + i2 + i3 + k + h)a - z^i/3i - z^2/32 - z^a/^s - ^aI^a - ^bl^b + A 
= (2n - ui + + 21/4 + 3z^5)a + (2n - 1^2 + z^3 + + ^bjl^ + A 

By (I8.10.14p . this weight is not of the form A — (sum of positive roots), and must therefore 
vanish. Hence 

Xa -Vg -yi ■■■■■y^ =0 

for all v with n > i^i + 1^2 + t's + ^^4 + + ^6- 

b) Suppose / = {/3}. Then we let 7' = a + /3. In this case we order the positive roots as 
follows: /35, /3i, /32, /33, /34, /36, and write elements of U(u^) as sums of monomials of the form 
yr ■ • • • • • yt • • Consider 

^a+f^-yb -yi ■■■■■yi -ye ■v 
= ad(x„+^)-(y5^^ • yr • . . . • yT ■ yT)^v^ 

(8.10.15) 

= E,:,+...+.e=nGJ.J^d(x„+^)^Hy5^)x 

X sAix^+priv'i') • . . . • B.d{x^+pr^{yl') ■ ?id{x^+py<^{yl'').v+ 

Moreover, 
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(8.10.16) ad(x„+;3p(y;0= E ik '\)^<^i^a+ls)'''{yj)-...-ad{Xa+^)'"^^{yj) . 

ki+...+k^.=ij V 1 • • • lyj/ 

Since ad{x a+ 13) {y 5) = 0, it follows from (j8.10.16p that we only need to consider tuples (zi, . . . , ig) 
for which 15 = 0. For those tuples we have n = ii + 12 + 13 + 14 + iq- On the other hand, ()8.10.9p 
implies 



(8.10.17) U2 + I's + J^A + = n - < n , 

because 2^5 > (cf. (|8.10.1ip ). Now consider the term 

ad(x„)*Hyr) • • • • • ad(x,)*4(y4^^) • adixj'{y'^').v+ 
in the last line of (I8.10.15p . It has weight 

(ii + 12 + is + U + «6)(a + /3) - i^iPi - i'2h - i^3/33 - i^iPi - z^e/^e + A 

= {n- vi + + 21/4 + 3^5)0 + (n - 1/2 + 1^3 + J^A + '^J^6)l3 + A 

By (j8.10.17p . this weight is not of the form A — (sum of positive roots), and must therefore 
vanish. Hence 

Xa+p-y^ -yi • ••• - 2/4 -^6 = 

for all u with n > vi + V2 + V3 + + + This completes the proof. □ 
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